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PREFACE 


T mS W01 ' k 18 !l revision *»«• eiiln.-Ri.ii.ent of my Course of 

p ure Geometry published in 1903. It .litters from the 
former edition in that it does not assume any previous know¬ 
ledge of the Conic Sections, which are here treated ob Initio, on 
the basis of the definition of them as the curves of projection of 
a circle. This is not the starting point of the subject generally 
in works on Geometrical Conic Sections. The curves are 
usually defined by means of their focus and directrix property, 
and their other properties are evolved therefrom. Here the' 
focus and directrix property is established as one belonging to 
the projections of a circle and it is freely used, but the fact 
that the conics are derived by projection from a circle and 

therefore possess all its projective properties is kept constantly 
in the mind of the student. 

Many of the properties of the Conic Sections which can only 

be established with great labour from their focus and directrix 

property are proved quite simply when the curves are derived 
directly from the circle. 


Nor is the method employed here any more difficult than 
the prevalent one, though it is true that certain ground has to 
be covered first. But this is not very extensive and I have 
indicated (p. xii) the few articles which a Student should master 
before he proceeds to Chapter ix. Without a certain know¬ 
ledge of cross ratios, harmonic section, involution and the 
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elementary principles of conical projection no one can follow 
the argument here adopted. But these things are quite easy, 
and the advantage gained by the student who from the be¬ 
ginning sees the Conic Sections whole, as he does when they 
are presented to his mind as the projections of a circle, more 
than compensates for any delay there may be through the short 
study of the necessary preliminaries. 

1 hope that, thanks to the efficiency of the Readers of the 
Cambridge l niversity Press, there are not many misprints to 
be found in this book. But if any are found I shall be grateful 
if I may be informed of them at the address given below. 


DlCKI.EUCROH IfKCTOHY, 

Scoi.e, 

Norfolk. 

Sr/,(ember 1017 . 


E. H. A. 
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CHAPTER I 

SOME PROPERTIES OF THE TRIANGLE 

1. Definition of terms. 

(«) By lines , unless otherwise stated, will be meant straight 
lines. * 

(6) The lines joining the vertices of a triangle to the middle 
points of the opposite sides are called its medians. 

(c) By the circumcircle of a triangle is meant the circle 
passing through its vertices. 

The centre of this circle will be called the circumcentre of 
the triangle. 

The reader already knows that the circumcentre is the 
point of intersection of the perpendiculars to the sides of the 
triangle drawn through their middle points. 

( d ) The incircle of a triangle is the circle touching the 
sides of the triangle and lying within the triangle. 

The centre of this circle is the incentre of the triangle. 

The incentre is the point of intersection of the lines bisecting 
the angles of the triangle. 

(e) An ecircle of a triangle is a circle touching one side of 

a triangle and the other two sides produced. There are three 
ecircles. 

The centre of an ecircle is called an ecentre. 

An ecentre is the point of intersection of the bisector of 

one of the angles and of the bisectors of the other two external 
angles. 


A. G. 
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SOME PROPERTIES OF THE TRIANGLE 



( t ) Two triangles which are such that the sides and angles 

of the one are ecjnal respectively to the sides and angles of the 

other will he called conqruenl. 

* 

If ABC he congruent with ABC', wo shall express the fact 
hv the notation: A A BC = A ABC'. 


2 Proposition. The pet pendicnla rs from the vertices of 

a trumple on to the apposite sides meet in o point (colled the 

orthocentre); and the distance of each vertex from the ortho- 

• ^ 

centre is twice the perpendicular distance at the circnmcentre 
from the sale opposite to that vertex. 



Through the vertices of the triangle ABC draw lines parallel 
to the opposite sides. The triangle A BC thus formed will be 
similar to the triangle ABC, and of double its linear dimensions. 

Moreover, A, B, C being the middle points of the sides of 
A If C , the perpendiculars from these points to the sides on 
which they lie will meet in the circnmcentre of A'B'C'. 

But these perpendiculars are also the perpendiculars from 
.1, B , C to the opposite sides of the triangle ABC. 

Hence the first part.pf our proposition is proved. 
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SOME PROPERTIES OF THE TRIAXCiLE 
Now let P be the orthocentre and 0 the circnincentiv of 

ABC. 

Draw OD perpendicular to BC. 

Then since P is also the circumcentre of the triangle A' B C\ 
PA and OD are corresponding lines in the two similar triangles 

A'B'C', ABC. 

Hence AP is twice OD. 


3. Definition. It will be convenient to speak of the 

perpendiculars from the vertices on to the opposite sides of a 

triangle as the perpendiculars of the triangle; and of the 

perpendiculars from the circumcentre on to the sides as the 
perpendiculars from the circumcentre. 

4. Prop. The circle through the middle points of the sides 
of a triangle passes also through the feet of the perpendiculars 
of the triangle and through the middle points of the three lines 
joining the ortnocentre to the vertices of the triangle. 

Let D, E, F be the middle points of the sides of the triangle 
ABC L y M , N the feet of its perpendiculars, 0 the circum¬ 
centre, P the orthocentre. 



Join FD f DE, FL , LE. 

Then since E is the circumcentre of ALC t 

Z EL A = z EAL. 


1—2 
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SOME PROPERTIES OF THE TRIANGLE 


And for a like reason 


z FLA — z FA L. 

. z FLE — z FAK 

= z FDF since AFDE is a parallelogram, 
z. L is on the circnmcircle of DEF. 

Similarly M and A lie on this circle. 



Further the centre of this circle lies on each of the three 
lines bisecting DL . EM, FX at right angles. 

therefore the centre of the circle is at U the middle point 

of OP. 

Now join I)U and produce it to meet AP in A”. 

I he two triangles OUD, PUX are easily seen to be con¬ 
gruent, so that UD= UX and XP = OD. 

Hence A” lies on the circle through D, E, F, L y M, iV. 

And since XP = OD = ^ AP, X is the middle point of AP. 

Similarly the circle goes through Y and Z , the middle points 
of UP and CP. 

I hus our proposition is proved. 

5. The circle thus defined is known as the nine-points circle 
the triangle. Its radius is half that of the circumcircle, as is 
obvious from the fact that the nine-points circle is the circum- 
ciicle of DLL, which is similar to ABC and of half its linear 
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.) 


dimensions Or the same may be seen from our figure wherein 
^ OA , for ODAA is a parallelogram. 

It will be proved in the chapter on Inversion that the nine- 

points circle touches the incircle and the three ecircles of the 
triangle. 


. j ] f rOP ' ^ tke P er P eudicul(n ' AL of a triangle ABC be 
produced to meet the circumcircle in H , then PL = LH P beinq 
the orthocentre. ’ J 



Join BH. 


Then Z HBL — z HAC in the same segment 

= Z LBP since each is the complement of 
Z ACB. 

Thus the triangles PBL, HBL have their angles at B equal, 
also their right angles at L equal, and the side BL common. 

PL — LH. 

4 

* 

I*rop. The feet of the perpendiculars from any point Q 
on the circumcircle of a triangle ABC on to the sides of the 
triangle are collinear. 

Let R, S, The the feet of the perpendiculars as in the figure. 
Join QA, QB. 



SOME PROPERTIES OF THE TRIANGLE 


QTAS is a cyclic quadrilateral since T and S are right 


angles. 


z ATS = z AQS 


= complement of z QA S 

= complement of zQBC (since (JAC, QBC are 
supplementary) 

= z BQ R 

= Z BTR (since QBRT is cyclic). 

.RTS is a straight line. 



1 his line RTS is called the pedal line of the point Q. It is 
known also as the Simson line. 

The converse of this proposition also holds good, viz.: 

If the feet of the perpendiculars from a point Q on to the 

sides of a triangle are collinear, Q lies on the circumcircle of the 
triangle. 

For since QBRT and QTAS are cyclic, 

z BQR = z BTR = z ATS = zAQS. 

• • ^ QBR = z QAS, so that QBC A is cyclic. 
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Join QP cutting the pedal line of Q in K. 

Let the perpendicular AL meet the circumcircle in If. 
Join QH cutting the pedal line in M and BC in N. 


Join PN and QB. 

Then since QBRT is cyclic, 

Z QRT^zQBT 

= Z QHA in same segment 
= Z HQR since QR is parallel to AH. 

\ QM = MR. 

M is the middle point of QN. 

But z PNL = z LNH since A PNL = A HNL 

= Z RNM 
= z MRN. 

PN is parallel to RT. 

QK : KP = QM : MN. 

QK = ICP. 


s >. 
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9. Prop. The three medians of a trianr/le meet in a point , 

and this point is a point of tnsection of each median , and also of 

% 

the line joining the circamcentre O and the orthocentre P. 


A 



Let the median A I) of the triangle ABC cut OP in (l. 

Then from the similarity of the triangles GAP, GDO, we 
deduce, since A P = 2 OD, that AG = 2GD and PG = 2 GO. 

Thus the median AD cuts OP in G which is a point of 
trisection of both lines. 

Similarly the other medians cut OP in the same point G, 
which will be a point of trisection of them also. 

I his point G is called the median point of the triangle. 
I he reader is probably already familiar with this point as the 
centroid of t he triangle. 

O 

10. Prop. // A I) l/e a median of the triangle ABC, then 

A If- + .1 C- = 2A D- + 2BD-. 

Draw A I, perpendicular to BC. 

Then A( ’■ = A B- + BC‘ - 2 BC. BL 

and ^1 1B = A B‘ + BIB - 2 BD. BL. 

Ihese equalities include the cases where both the angles 
B and C are acute, and where one of them, B. is obtuse, provided 
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SOME PROPERTIES OE THE TRIAXiiLE 

that BC and BL bo considered to have (ho same or opposite 
SlgnS aCCon1lll ,S ils thl 'y are ... the -same or opposite directions. 


» 



A 



Multiply the second equation by 2 and subtract from the 
first, then 

AC- - 2 AD- = BC- — AB- — 2BD-. 

■ AB* + AC- = 2AD* + BC* — 2BD* 

= 2AD- + 2BD*, since BC = 2BD. 

11. The proposition proved in the last article is only a 
special case of the following' general one : 

If Die a point in the side BC of a triancjle ABC such that 
BD = 1 BC, then 

n 


(n - 1) AB 2 + AC 2 = n . AD* + (1 BC*. / 

For proceeding as before, if we now multiply the second of 
the equations by n and subtract from the first we get 

AC* - n. AD* = (1 - n) AB* + BQ* - n . BD*. 

•*•(«- 1) AB* + AC*=n.AD* + BC* - n BC'j 

1--) BC*. 
nj 

12. Prop. The distances of the points of contact of the 
inch cle of a triangle ABC with the sides from the vertices 
A y B } C are s — a, s — b, s — c respectively; and the distances of 
the points of contact of the edrcle opposite to A are s , s — c, 


= n . AD 2 -f- 


( 
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•v — respectively; a b, c being the lengths of the sides opposite 

tit A, B, C and s half the Sinn of them. 

• • 

Let the points of contact of the incircle be L , M, N. 

I hen since A M = AX, CL = CM and BL = BN, 

• AM -f- /#'=half the sum of the sides = 5, 




anil 


Similarly BL = BN = .v - b, and CL = CM = s - c. 

Next let L\ M\ N' be the points of contact of the ecircle 
opposite to A. 

Then .1 .V' = A B + BN ' = AB + BL ' 

AM'= AC + CM' = AC + CL. 

since AM' = AX', 

2 AN' = AB + AC+BC=2s. 

AN' = s, 

BL = BN' = 5 - c, and CL = CM/' = 5 - 6 . 

Cor. BL = CL, and thus LIJ and BC have the same 
middle point. 


and 
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EXERCISES 


1. Defining the pedal triangle as that formed by joining the 
feet of the perpendiculars of a triangle, shew that the pedal triangle 
has for its incentre the orthocentre of the original triangle, and that 
its angles are the supplements of twice the angles of the triamde. 


2. A straight line PQ is drawn parallel to AB to meet the 

circumcircle of the triangle ABC in the points P and Q, shew that 

the pedal lines of P and Q intersect on the perpendicular from C 
on AB. 


3. Shew that the pedal lines of three points on the circumcircle 

of a triangle form a triangle similar to that formed by the three 
points. 

4. The pedal lines of the extremities of a chord of the circum¬ 
circle of a triangle intersect at a constant angle. Find the locus of 
the middle point of the chord. 

5. Given the circumcircle of a triangle and two of its vertices, 

prove that the loci of its orthocentre, centroid and nine-points centre 
are circles. 

6. The locus of a point which is such that the sum of the 

squares of its distances from two given points is constant is a 
sphere. 

7. A’, B\ C are three points on the sides BC, CA, AB of a 
triangle ABC. Prove that the circumcentres of the triangles AB'C, 
BC A , CA B are the angular points of a triangle which is similar 

to ABC. 


8. A circle is described concentric with the circumcircle of the 
triangle ABC, and it intercepts chords A X A 2 , B X B«, C',6 f 2 on BC, CA, 
AB respectively; from A 1 perpendiculars A 1 b 1) A l c l are drawn to 
CA, AB respectively, and from A 2 , B x , B 2 , C x , C., similar perpen¬ 
diculars are drawn. Shew that the circumcentres of the six 
triangles, of which Ab 1 c l is a typical one, lie on a circle concentric 
with the nine-points circle, and of radius one-half that of the original 
circle. 


9. A plane quadrilateral is divided into four triangles by its 
internal diagonals; shew that the quadrilaterals having for angular 
points (i) the orthocentres and (ii) the circumcentres of the four 
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triangles are similar parallelograms: and if their areas be A, and 
A,, and A be that of the quadrilateral, then 2A + Aj = I A,. 

1<>. Prove that the line joining the vertex of a triangle to that 
point of the inscribed circle which is farthest from the base passes 
through the point of contact of the escribed circle with the base. 

11 Given in magnitude and position the lines joining the 
vertex of a triangle to the points in which the inscribed circle and 
the circle escribed to the base touch the base, construct the triangle. 

12. Prove that when four points ,1, B, C, D lie on a circle, the 
orthocentres of the triangles BCD, CDA, DA II, ABC lie on an 
equal circle. 

1». Prove that the pedal lines of the extremities of a diameter 

of the circumcircle of a triangle intersect at right angles on the 
nine points circle. 

I I. A IlC is a triangle, 0 its circumcentre; OD perpendicular 
to JIC meets the circumcircle in K. Prove that the line through D 
perpendicular to A K will bisect KP, V being the orthocentre. 

!')• Having given the circumcircle and one angular point of a 
tiiangle and also the lengths of the lines joining this point to the 
orthocentre and centre of gravity, construct the triangle. 

H>. If All be divided at 0 in such a manner that 

/. AO = m . Oil, 

and if P be any point, prove 

1 • d Bp- = (/ + m) OB- + l. A O'- + i/i . no-. 

If a, b, c be the lengths of the sides of a triangle A JIC, find the 
locus of a point !> such that . PA- + I, . PB- + c . PC 2 is constant. 


1 


o 

O 


\ 

I 
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CHAPTER II 


SOME PROPERTIES OF CIRCLES 

13. Definition. When two points P and P' lie on the 
same radius of a circle whose centre is 0 and are on the 

nD C V,n de ° f ° an<J theh ' distances fror n 0 are such that 
U1 OP = square of the radius, they are called inverse points 
with respect to the circle. 

The reader can already prove for himself that if a pair of 

tangents be drawn from an external point P to a circle, centre 

0, the chord joining the points of contact of these tangents is 

at right angles to OP, and cuts OP in a point which is the 
inverse of P. 


14. The following proposition will give the definition of the 
polar of a point with respect to a circle : 

Prop. The locus of the points of intersection of pairs of 
tangents drawn at the extremities of chords of a circle, 'which pass 
through a fixed point, is a straight line, called the polar of that \ 
point, and the point is called the pole of the line. 

Let A be a fixed point in the plane of a circle, centre 0. 

Draw any chord QR of the circle to pass through A. 

Let the tangents at Q and R meet in P. 

Draw PL perpendicular to OA. 

Let OP cut QR at right angles in M. 
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1'hen PMf.A is cyclic. 

OL . OA = OM . OP = square of radius. 
A is a tix**< 1 point, viz. tin* inverse of A. 



Thus the locus "1 P is a straight line perpendicular to 0A t 
and cutting it in the inverse point of A. 

15. It is clear from the above that the polar of an external 
point coincides with the chord of contact of the tangents from 
that point. And if we introduce the notion of imaginary lines, 
with which Analytical Geometry has furnished us, we may say 
that the polar of a point coincides with the chord of contact of 
tangents real or imaginary from that point. 

We may remark here that the polar of a point on the circle 
is the tangent at that point. 

Some writers define the polar of a point as the chord of 
contact of the tangents drawn from that point;, others again 
define it by means of its harmonic property, which will be given 
in a later chapter. It is unfortunate that this difference of 
treatment prevails. The present writer is of opinion that the 
method he has here adopted is the best. 

16. Prop. If the polar of A goes through B, then the polar 
of B goes through A. 

Let BL be the polar of A cutting OA at right angles in L. 

Draw AM at right angles to OB, 
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l 


Then 


OM. OB — OL . OA. = S(j. of radius, 
AM is the polar of B, 


that is, lies on the polar of 7f. 



Two points such that the polar of each goes through the 
other are called conjugate points. 

The reader will see for himself that inverse points with 
respect to a circle are a special case of conjugate points. 

We leave it as an exeSfcg foRTthe student to prove that if 
l, m be two lines such that the pole of l lies on m, then the pole 
of m will lie on l. 

Two such lines are called conjugate lines. 

S From the above property for conjugate points we see that 
the polars of a number of collinear points all pass through a 
common point, viz. the pole of the line on which they lie. For 
if A, B , C, D y &c., be points on a line p whose pole is P\ since 
the polar of P goes through A, B, C, &c„ the polars of 
A, B , C, &c., go through P. 

^We observe that the intersection of the polars of two points 
is the pole of the line joining them. 
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16a. Prop. If OP and OQ be a pah' of conjugate lines of 
a circle which meet the polar of 0 in P and Q, then the triangle 
OPQ is such that each vertex is the pole of the opposite side, and 
the centre of the circle is the orthocentre of the triangle. 

For the* pole of OQ must lie on the polar of 0, and it also 
lies on OP, since OP and OQ are conjugate lines. Thus OQ is 
the polar of P. Similarly OP is the polar of Q. 



Also the lines joining C the centre to 0 , P, Q are perpen¬ 
dicular respectively to the polars of those points, and therefore 
P is the orthocentre of the triangle. 


17. Prop. If P and (J be ang two points in the plane of a 
circle whose centre is 0, then 

OP : 0Q=perp. from P on polar of Q : perp. from Q on 

polar of P. 

Let P' and Q' be the inverse points of P and Q, through 
which the polars of P and Q p;iss. 

Li t the perpendiculars on the polars be PM and QA T ; draw 
PT and (}R perp. to OQ and OP respectively. 

Then we have OP. OP ' = OQ . OQ', 
since each is the sejuare of the radius, and 

OR. OP — OT. OQ since PRQT is cyclic, 

• 991 - 0P _ OT OQ’ - OT PM 

' ' OP' 0(2 OR OP - OR ~ QN • 
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Thus the proposition is proved. 



This is known as Salmon’s theorem. 

18. Pr °P- The locus of points from which the tangents to 
two given coplanar circles are equal is a line (called the radical axis 
of the circles ) perpendicular to the line of centres. 

Let PK, PF be equal tangents to two circles, centres A 
and B. 


Draw PL perp. to AB. Join PA, PB, AK and BF. 

Then PK 2 = AP 2 - AK 2 = PL 2 + AL 2 - AK\ 
and PF 2 = PB-— BF* = PL 2 + LB 2 — BF 2 , 

■ AL 2 — AK 2 = LB 2 — BF' 2 , 

• AL 2 — LB 2 = AK 2 — BF 2 , 

( AL-LB){AL + LB) = AK 2 -BF 2 . 

Thus if 0 be the middle point of AB, we have 

2 OL . AB= difference of sqq. of the radii, 

Z is a fixed point, and the locus of P is a line perp 

AB. 


A. G. 


2 
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Since points on the common chord produced ot two inter¬ 
secting circles are such that tangents from them to the two 

O “ 

circles are equal, we see that the radical axis ot two intersecting 
circles goes through their common points. And introducing 


P 



the notion of imaginary points, we may say that the radical 
axis of two circles goes through their common points, real or 
imaginary. 

19. The, difference of the squares of the tangents to taut 
coplanar circles, from any.point P in their plane, varies as the 
perpendicular from P on their radical axis. 

Let 1*Q and PH be the tangents from P to the circles, 
centres A and H. 

Let PN be perp. to radical axis NL, and PM to AB; let 0 
be the middle point of AB. Join PA, PB. 

Then 

P(p - PR 2 = PA »- AQ* — (PB 1 - BR*) 

= PA 2 - PB 2 - A Q 3 + BR 1 
= A M 1 - MB" - A (p + BR 2 
= 20 M .AB- 20 L . A B (see § 18) 

= 2AB.LM=2AB.NP. 
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Ihis proves the proposition. 


O L M 


„ We l ' lay mention here that some writers use the ten 
power of a point ' with respect to a circle to mean the squar 
°t the tangent from the point to the circle. 

20. Prop. The radical axes of three coplanar circles take, 
zn pairs meet in a point 




\ 

Let the radical axis of the circles A and B meet that of th. 

1 _ _ A 1 ✓V • .. a S 


circles A and C in P. 


ttfiSSCl! C C< 


AK.A AA s*. > v 


A', ? v 


.V- 


2—2 


* V 


\' 

J ,'icc. No: 


v 


v 
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Then the tangent from P to circle C 

= tangent from P to circle A 
= tangent from P to circle B. 

• P is on the radical axis of B and C. 


21. Coaxal circles. A system of coplanar circles such 
that the radical axis for any pair of them is the same is called 
coaxal. 

Clearly such circles will all have their centres along the 
same straight line. 



Let the common radical axis of a system of coaxal circles cut 
their line of centres in A. 

I hen the tangents from /l to all the circles will be equal. 

Let L t L be two points on the line of centres on opposite 

sides of A, such that AL, AL are equal in length to the 

tangents from A to the circles; L and L are called the limiting 
points of the system. v - 


I hey are such that the distance of any point P on the 
radical axis from either of them is equal to the length of the 
tangent from P to the system of circles. 


1 
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radius ^ b<? the COntre ° f one ci «^ "'hich is of 

PL “ = PA 2 -f AL- = PA - -f .1C 2 — r - = P (72 _ r _• 

= square of tangent, from P to circle C. 

circles e of V ° TT) L ,nay be the centres of 

system p 3 ’ “'“H radius - which belo "S to the coaxal 

lystom "" SOmet,,neS Called the /*»"< Aretes of the 

The student will have no difficulty in satisfying himself that 

of the two limiting points one is within and the other without 
each circle of the system. 

It must be observed that the limiting points are real only in 
the case where the system of coaxal circles do not intersect in 
led points. For if the circles intersect, A will lie within them 
all and thus the tangents from A will be imaginary. 

Let it be noticed that if two circles of a coaxal system inter- 

sect m points-P and Q, then all the circles of the system pass 
through P and Q. 1 

22. Prop. The limiting points of a system of coaxal circles 
are inverse points with respect to every circle of the system. 



Let C be the centre of one of the circles of the system. 

Let L and L' be the limiting points of which L' is without the 
circle C. 
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Draw tangent L'T to circle 0: this will be bisected by the 
radical axis in P. 

Draw Ti V perpendicular to line of centres. 

Then L'A :AN=L’P : PT, 

L'A = A N, 

K coincides with L. 

Ihus the chord of contact of tangents from L cuts the line 
of centres at right angles in L. 

! he re fore L and L are inverse points. 

23. The student will find it quite easy to establish the two 
following propositions: 

Kcer 'J clrcle pttsstHy through the limiting points cuts all the 
circles of the system orthogonally. 

A common tangent to two circles of a coa.ral system subtends 
a right angle at either limiting point. 

24 Common tangents to two circles. 

In general four common tangents can be drawn to two 
coplanar circles. 

Ol these two will cut the line joining their centres ex¬ 
ternally; these are called direct common tangents. And two 

will cut the line joining the centres internally ; these are called 
transverse common tangents. 



W e shall now prove that the common tangents of two circles 
cat the hue joining their centres in two points which divide that 
hue internally and externally in the ratio of the radii. 

Let a direct common tangent PQ cut the line joining the 
centres A and li in 0. Join A P, BQ. 
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TboH since P and Q are right angles, the triangles APO 
BQO are similar, 

AO:liO = AP-.BQ. 

Similarly, it P Q' be a transverse common tangent cutting 
AB in 0 , we can prove AO': 0’D = ratio of the radii. 

We have thus a. simple construction for drawing the common 
tangents, viz. to divide AB internally and externally at tr and 

° in the mtl ° of the and then from 0 and 6' to draw a 

tangent to either circle; this will be also a tangent to the other 
circle. 

If the circles intersect m real points, the tangents from 0' 
will be imaginary. 

If one circle lie wholly within the other, the tangents from 
both 0 and O' will be imaginary. 

25. Through the point 0, as defined at the end of the last 
paragraph, let a line be drawn cutting the circles in RS and 
R'S' as in the figure. 



Consider the triangles OAR, OBR'. 

We have OA : OB = AR : BR', 

also the angle at 0 is common to both, and each of the remaining 
angles at R and R is less than a right angle. 

Thus the triangles are similar, and 

OR : OR' = AR : BR‘, 

the ratio of the radii. 

In like manner, by considering the triangles OAS, OBS', in 
which each of the angles S and S' is greater than a right angle, 
we can prove that OS: OS' = ratio of radii. 
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We thus see that the circle B could be constructed from the 
circle -1 by means of the point 0 by taking the radii vectores 
bom 0 of all the points on the circle A and dividing these in 
the ratio of the radii. 


On account of this property 0 is called a centre of similitude 
of the two circles, and the point B' is said to correspond to the 
point U. 


1 he student can prove for himself in like manner that 0 is 
a centre of similitude. 


26. In order to prove* that tin* locus of a point obeying some 
K ,V( -*n law is a circle, it i.s often convenient to make use of the 
ideas of the last paragraph. 

If we can prove that our point 1 > is such as to divide the 
Inn* joining a fixed point 0 to a varying point Q, which describes 
a circle, in a given ratio, then we know that the locus of P must 
be a circle, which with tin* circle on which Q lies has 0 fora 
centre of similitude. 



for- example, suppose we have given the circumcircle of a 
triangle ami two of its vertices, and we require the locus of the 
nine-points centre. It is quite easy to prove that the locus of 
the orthocentre is a circle, and from this it follows that the 
locus of the nine-points centre is a circle, since, if 0 be the 
circumccntre (which is given) and P the orthocentre (which 
describes a circle) and U the nine-points centre, U lies on OP 
and OL = kOP'y therefore the locus of V is a circle, having its 
centre in the line joining 0 to the centre of the circle on which 
P lies. ' M ' / '■ ' 


27. Prop. Ihe locus oj a point which moves in a plane so 
that its instances from two fixed points in that'plane are in a 
constant ratio is a circle. 


Lot A and B bo the two given points. Divide Ali internally 
and externally at C and D in the given ratio, so that C and D 
are two points on the locus. 

Let P be any other point on the locus. 
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Then since 


AP : PB — AC: CB = AD: HI) 


PC and PD are the internal and external bisectors of the 
^APB. 


CPI) is a right angle. 


’• the locus <-»f P is a circle on CD as diameter. 


P 



Cor. 1 . If the point P be not confined to a plane, its locus 
is the sphere on CD as diameter. 

Cor. 2. If the line AB be divided internally and externally 

at C and D in the same ratio, and P be any point at which CD 

subtends a right angle, then PC and PD are the internal and 
external bisectors of /.APB. 

28. If on the line 00' joining the two centres of similitude 

of circles, centres A and B, as defined in § 25, a circle be 

described, it follows from § 27 that if C be any point on this 
circle, 

CA : CB = radius of A circle : radius of B circle. 

The circle on 00' as diameter is called the circle of similitude. 
Its use will be explained in the last chapter, when we treat of 
the similarity of figures. 
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EXERCISES 

1. If / be any point on a gi\en circle A , the square of the 
tangent from 1* to another given circle /> varies as the perpendicular 
distance ot /' from the radical axis of .1 and P>. 

* “ ]t '*> r 1,0 coaxal circles, the tangents drawn from 

any point of C to A and />' are in a constant ratio. 

d. If tangents drawn from a point 1* to two given circles A and 
A are in a given ratio, the locus of /'is a circle coaxal with A and H. 

** If C ltc - a system of coaxal circles and X be any 

•*ther circle, then the radical axes of A, X ; //, .V; C, X Arc. meet in 
a point. 

•». I he sijuare of the line joining one of the limiting points of 
a coaxal system of circles to a point P on any one of the circles 
vanes as the distance of P from the radical axis. 

0. If two circles cut two others orthogonally, the radical axis 
ot either pair is the line joining the centres of the other pair, and 
passes through their limiting points. 

7. If from any point on the circle of similitude (.^ 28) of two 
gi\en circles, pairs of tangents be drawn to both circles, the angle 
between one pair is equal to the angle between the other pair. 

8. The three circles of similitude of three given circles taken 
in pairs are coaxal. 

‘.L I'ind a pair ot points on a given circle concyclic with each of 
two given pairs of points. 

10. If any line cut two given circles in 1\ Q and P' Q' 

respectively, prove that the four points in which the tangents at P 

an,I Q cut the tangents at /" ami </ lie on a circle coaxaf with the 
given circles. 

11. A line PQ is drawn touching at P a circle of a coaxal 
system of which the limiting points are A', A", and Q is a point on 

vr J. 1 ? °!‘ U,e ° PPOsitC side of the ™<lieal axis to P. Shew that if 
/, / he the lengths of the tangents drawn from P to the two con¬ 
centric circles of which the common centre is Q, and whose radii are 
respectively Qh\ QK\ then 


T: T - PK : PK\ 
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1-. 0 is a fixed point on the circumference of a circle C P mv 

other point on C: the inverse point <J of /> is taken with respect 

a fixed circle whose centre is at 0, prove that the locus of t; is a 
straight line. 

sect 13 ' C " C ’-’ C * !,,t ‘ SUch ,hilt tl'<- chord of i El¬ 

ection of C, and ( passes through the centre of and the chord 

of intersection of << s and C, through the centre off..: shew that the 

chord of intersection of C, and passes through the centre of C,. 

i 14. Three circles . 1 , /}, C are touched externally by a circle 
whose centre is 1> and internally by a circle whose' centre is Q. 

.-hew that I Q passes through the point of concurrence of the radical 
axes of A, B y C taken in pairs. 

15. AB is a diameter of a circle .S', 0 any point on AB or AB 

produced, C a circle whose centre is at O. A' and B' are the inverse 

points of A 1 and B with respect to V. Prove that the pole with 

respect to C of the polar with respect to -S' of the point 0 is the 
middle point of A'B\ 

16 A system of spheres touch a plane at the same point 0 

prove that any plane, not through 0, will cut them in a system of 
coaxal circles. 

1 <■ A point and its polar with respect to a variable circle being 

given, prove that the polar of any other point A passes through a 
fixed point B. 


18. A is a given point in the plane of a system of coaxal 
circles; prove that the polars of A with respect to the circles of the 
system all pass through a fixed point. 



CHAPTER III 


Till-: rsK OF SIGNS. CONCITtRENCE AND 

<’OLLINKAIUTV 

29. I he reader is already (aimliar with the convention of 

signs adopted in Trigonometry and Analytical Geometry in the 

measurement «»t straight lines. According to this convention 

lengths measured along a line from a point are counted positive 

or negative according as they proceed in the one or the other 
direction. 

W ith this convention we see that, if A, //, C he three points 
in a line, then, in whatever aider the points occur in the line, 

AB + BC= AC. 




It C lie between A and B, BC is of opposite sign to AB, and 
m this case AB -F BC does not give the actual distance travelled 
in passing from A to B, and then from B to C, but gives the 
final distance reached from A. 


From the above equation we get 

BC = AC - AB. 

I his is an important identity. By means of it we can 
reduce all our lengths to depend on lengths measured from a 
fixed point in the line. This process it will be convenient to 
speak of as inserting an origin. Thus, if we insert the origin 0, 

AB = OB-OA. 
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3°. Prop. If M l e t j ie m iddl e point of the line 
O be any other point in the line, then 

20 M = OA + on. 


1 />, and 



For since AM = MB, 

by inserting the origin 0 we have 

OM -OA = OB- OM, 

20M =0A + OB. 

31. A number of collinear points are said to form a range. 
O PropY If A, B, C, D be a range of four points, then 

AB.CD + BC.AD + CA.BD=:Q. ' A 



For, inserting the origin A, we see that the above 

— -A B (AD — AC) + (AC — AB) AD — AC (AD — AB), 

and this is zero. 

This is an important identity, which we shall use later on. 

32. If A, B,C be a range of points, and 0 any point out¬ 
side their line, we know that the area of the triangle OAB is to 

the area of the triangle OBC in the ratio of the lengths of the 
bases AB, BO. ” 
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the signs of our areas, whereby the projjer sign of AB: BC will 
be retained when the ratio of the areas is substituted for it. 

The obvious convention is that the area of a triangle PQR 
shall be accounted positive or negative according as the triangle 
is to the one or the other side as the contour PQR is described. 

11^ 1 ^ t * ^ > to our left hand as we describe the 

contour PQR, we shall consider A PQR to be a positive mag¬ 
nitude, while A PRQ wdl be a negative magnitude, for in 
describing the contour PRQ the area is on our right hand. 

With this convention we sec that in whatever order the 
points A, R, C occur in the line on which they lie, 

A R : BC = A OA R : A OBC, 
or = A A OR : A ROC. 

It is further clear that with our convention we may say 

A OA R + A ORC = A OA C, 
and A OAR - A OAC = A OCR, 

remembering always that A, R, C are collinear. 

33. Again, we know that the magnitude of the area of a 
triangle OAR is \ ()A .ORsin AoR t and it is sometimes con¬ 
venient to make use of this value. Hut it we are comparing 
the areas OAR, ORC by means of a ratio we cannot substitute 

.1 OA . OR sin A OR and \ OR. OC sin ROC 




tor them unless we have a further convention ot signs whereby 
the sign and not merely the magnitude of our ratio will be 
retained. 

The obvious convention here again will be to consider angles 
positive it described in one sense and negative in the opposite 
sense; this being effective for our purpose, since sin(-a:) = -sin#. 


COXCl UREXCE AXI) COLIJXEARITY gj 

In this case Z ,1 PB = - z BP A. The angle APB is to he 

regarded as obtained l>v the revolution of PB round P from the 

position PA, and the angle BP A as the revolution of PA round 

P from the position PB; these are in opposite senses and so of 
opposite signs. 

With this convention as to the signs of our angles we nmv 
argue from the figures of § :*2, 

AB = A A OB _ J OA . OB sin z A OB 
BO A BOO i OB . OiTsmTEU'C 

(the lines 0A y OB , 00 being all regarded as positive) 

_ OA sin Z A OB 
00 ’ sin z BOO ' 

In this way the sign of the ratio retained in the process 

of transformation, since 

sin Z AOB and sin z BOC 

are of the same or opposite sign according as AB and EG are 
of the same or opposite sign. 

The student will sec that our convention would have been 

useless had the area depended directly on the cosine of the angle 
instead of on the sine, since 

cos (- A) = + cos (A). 

34. Test for collinearity of three points on the sides 
of a triangle. 

The following proposition, known as Menelaus’ theorem, is 
of great importance. 

The necessary and sufficient condition that the points D, E, V 

on the sides of a triangle ABC opposite to the vertices A, B, C 
respectively should be collinear is 

AF.BD.CE=AE .CD. BF y 

regard being had to the signs of these lines. 

All these lines are along the sides of the triangle. We shall 

consider any one of them to be positive or negative according 

as the triangle is to our left or right respectively as we travel 
along it. 
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We will first prove that the above condition 
D , E, Fare collinear. 


is necessary, if 


A 



Let p, 7 , /• be the perpendiculars from A, B, C on to the 
line DEF , and let these be accounted positive or negative 
according as they are on the one or the other side of the line 

DEF. 

With this convention we have 

AF p BD q CE r 
BF q * CD r' AE~ p' 

AF .BD. CE _ 

BF.CD AE ~ 

AF.BD. CE = AE. Cl). BF. 

Next let D, E y F be three points on the sides such that 

A F. BD. CE = A E. CD. BF, 

then shall D, E, F be collinear. 

Let the line DE cut AB in F\ 

AF'. BD. CE — AE. CD. BF\ 

. AF' _ AF 
’ ' BF' ~ BF ’ 


Hence 
that is, 


COXCURRENCK AX1 


> COLLINEARITV 

+ FF') BF= AF(EF + FF) 
■■■ FF' (BF — A F) = (,. 

■ FF' = 0, 


F coincides with F' 



F 


oonc '‘"" W of line, through ,h. vertices 


of a triangle. 


f u„Itn“r ,n8 P,OP “ iti “' k "»'™ - tw. 


The necess ^y ™d sufficient condition that the lines AD, HE, 



A. G. 
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CF drawn through the vertices of a triangle A BC to meet the 
opposite sales in D, E, F should he concurrent is 

A F. HI). CE = — AE. CD . BF, 

the same convention of signs being adopted as in the last 
proposition. 

First lot tin* linos AD. BE, CF moot in F. 

Then, regard being had t<> the signs of the areas, 

O « 7 i 1 

AF A A FI ' _ A AF P AAFC — A AFP _AAPC 
BF ' A BFi' ~ A BFP ~~ A BFC - A BFP ~ A BPC ’ 

BD _ A PDA _ A BDP _ A HI) A - A BDP _ A BP A 

('D ~ A CD A ~ AC 1)P ~ AC DA - AC DP ~ A CP A ’ 

CE = A CEB _ AC EP _ A CEB - A CEP = A CPB 

A E ~ A A EB ~ A A EP “ A A EB - A A EP ~ A A PB' 

AF.B D.CE_ AAPC A BP A A CPB 
' AE.CD.BF~ AC PA ' A APB' A BPC 

= (-!)(- 1 )(- 1 ) = - 1 . 

Next, lot I), hi, F be points on the sides of a triangle ABC 
such that 

A F. BD. CE — — AE. CD . BF, 


thou will AD. BE, CF be concurrent. 



Let AD, BE meet in Q, and let CQ meet AB in F'. 
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• AF'. BD. CK =-AE. Cl). BF' 

. AF’ _AF 
BF' BF ' 

.-AAF+FF')BF=(BF+FF')AF 

FF'(BF-AF) = 0. 

••• FF‘ = 0. 

• • F and F coincide. 

Hence our proposition is completely proved. 

„ • 36 ', P /°P; If V’ E ’ F be points on the sides of « 

triangle ABC opposite to A, B, C respectively. 

AF.BD.CE sin ACF sin BAD sin CBE 


For 


AE .CD . BF sin A BE sin CA D sin BCF' 


= ~ BA D - = h AB -AD sin BAD _AB sin BAD 
B> A CAD \AC .ADsinCAD AO 'sin CAB ' 

posLT C0DVenti0n aS t0 Si ^ n > and A B, AC being counted 


A 



Similarlv AF AC sin ACF 

BF BC ' sin BCF 

and CE__BC sin CBE 

AE AB 'sin ABE' 

. AF.BD. CE sin^lC Fsin BAD sin CBE 
AE.CD.BF sin A BE sin CAD sin BCF ' 


3—2 
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-• Cor. The necessary and sufficient condition that AD, BE, 
CF should be concurrent is 

sin .dCFsin BAD sin CUE 
sin A BE sin CA D sin BCF ~ ^' 


A 



If 0 be the point of 
in the form 


concurrence this relation can be written 


sin ABO sin BCO sin CA 0 
sin A CO sin CBO sin BA 0 


this being easy to remember. 

37. Isogonal conjugates. Two lines AD, AD' through 
the vertex A of a triangle which are such that 

z BAD = z D ACOlotjJLAJly r ' ' • 

are called isogonal conjugates. 

Prop. If AD, BE, CF be three concurrent lines through 
the vertices of a triangle ABC, their isogonal conjugates AD', 
BE', CF' will also be concurrent. 


For 

Similarly 

and 


sin BA D __ sin D'AC sin CAD ' 
sin CMX) sin D'AB sinBAD'’ 

si nCBE _ sin ABE' 
sin ABE sin CBE' 

sir \ ACF_ sin BCF’ 
sin BCF ~ sin ACF' * 


CONCURRENCE AND COLLINEARITY 



A 



. sin CAD' sin ABE' sin BC F' 

‘sin BAD' sin CBE' sin ACF' 

__ sin BAD si n CBE sin ACF 
sin CA D sin ABE sin BCF = ~ 

• • AD , BE , CF' are concurrent. 

38. The isogonal conjugates of the medians of a triangle s - 

are called its symmedians. Since the medians,are concurrent, 

the symmedians are concurrent also. The point where the 

symmedians intersect is called the symmedian point of the 
triangle. 

The student will see that the concurrence of the medians 

and perpendiculars of a triangle follows at once by the tests of 

this chapter (§§ 35 and 36). It was thought better to prove 

them by independent methods in the first chapter in order to 

bring out other properties of the orthocentre and the median 
point. 

39. We will conclude this chapter by introducing the 
student to certain lines in the plane of a triangle which are 
called by some writers antiparallel to the sides. 

Let ABC be a triangle, D and FJ points in the sides 
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AB and AC such that Z ADE = Z BOA and therefore also 
z AED= Z CBA. The line DE is said to be antiparallel to BC. 


A 



It will be seen at once that DBCE is cyclic, and that all 
lines anti parallel to BC are parallel to one another. 

It may be left as an exercise to the student to prove that 
the syimnedian line through A of the triangle A BC bisects all 
lines anti parallel to BC. . < - . > . , . . 

* * " * - - 1 - •• i ■ 


• CZ. 


S' 




I. t 


t, ^. 


\ / 


J i 


EXERCISES 


1. The lines joining 
are isogonal conjugates 


the vertices of a triangle to its circumeentre 
with the perpendiculars of the triangle. 


2. The lines joining the vertices of a 
contact with the opposite sides of the 
respectively concurrent. < • ' i 


triangle to the points of 
incircle and ecircles are 


4 


3. ABC is a triangle; AD, BE, CF the perpendiculars on the 
opposite sides. If AG, BII and CK be drawn perpendicular to EF> 
FD, I)E respectively, then AG, Bll and CK will be concurrent. 


4. The midpoints of the sides BC and CM of the triangle ABC 
are D and E: the trisecting points nearest B of the sides BC and BA 
respectively are II and K. CK intersects AD in L, and BL inter¬ 
sects All in and CM intersects BE in jV. Prove that N is a 
trisecting point of BE. 
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tri l n^le f l«r PPmi t ] CUl i U ' S <,m "' n fro,n “'«* oril,ocr„tro of „ 

Ire ei °'! * b,8ectore ° f «»gle A, shew that their feet 

aie collinear with the middle point of 

i//of T, 'e P ° h T COnUWt ° f Hle < ‘ circl0S »»««-* -ales BC CA 

wit) f « ” S ! !U ' e res P ecti '-ely denoted by the letters D E F 

A, B Z T BE cT-l" 8 " tlU - V bel<>n « f ° eeircle opposite 

BC at X E D 1 ' x r I T ^ l>i UK " CF ' ;lt E ' F - “»d 
BC at X, E D , and Cd at ) ; D,E, and AB at Z. Prove that 

the groups of points A, I\ ]), ()■ . Ulf | Y v y . . 

collinear. *’ V ’ 1 A ’ Z :lle respectively 

r - a L ^ raUel tang f nt , S t0 a cirde at A and B are cut in the points 
^ and 2) respectively by a tangent to the circle at E. Prove that 

concurrent ° JO,mng the midd,e P oi “ ts of AE and BE are 

8. From the angular points of any triangle ABC lines AD, BE, 
CF are drawn cutting the opposite sides in D, E, F, and making 

th! ang r "’w 1 the ^° p P° site sj des measured round the triangle in 

ProvTThat HneS AD ' BE ' CF f ° rm a tri angle A'B'C’. 

A B. BC. C'A _ A'C. ft'A . C ft __ />C . C/1 . Aft 
\ ^ ^ A F • . 6’^ ~ AD . BE . C F ’ 

^ 9 - T h>ough the symmedian point of a triangle lines are drawn 
antiparallel to each of the sides, cutting the other two sides. Prove 

that the six points so obtained are equidistant from the symmedian 
point. J 

[The circle through these six points has been called the cosine 

circle, from the property, which the student can verify, that the 

intercepts it makes on the sides are proportional to the cosines of 
the opposite angles.] 

10 Through the symmedian point of a triangle lines are drawn 
parallel to each of the sides, cutting the other sides. Prove that 
the six points so obtained are equidistant from the middle point of 
the line joining the symmedian point to the circumcentre. 

[The circle through these six points is called the Lemoine circle. 
feee Lachlan s Modern Pure Geometry , § 131.] 

11. AD, BE, CF are three concurrent lines through the vertices 
of a triangle ABC, meeting the opposite sides in D, E, F. The circle 
circumscribing DEE intersects the sides of ABC a^ain in D' E' F' 
Prove that AD , BE', CF' are concurrent. 
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12. Prove that the tangents to the circunicircle at tlie vertices 
of a triangle meet the opposite sides in three points which are 
colli near. 


13. If A!), BE % CE through the vertices of a triangle ABC 
meeting the opposite sides in />, A’, /’ are concurrent, and |K>ints 
D\ E ’, E' be taken in the sides opposite to A, B , C so that Dl)' and 
BC y EE and CM, EE and AB have respectively the same middle 
point, then AD , BE , ('/•' are concurrent. 

14. If from thi‘ symmedian point .S' of a triangle ABC , per¬ 
pendiculars S/), SE, SE he drawn to the sides of the triangle, then 
.s' will be the median point of the triangle DEE. 

15. Prove that the triangles formed by joining the symmedian 
point to the vertices of a triangle are in the duplicate ratio of the 
sides of t he t riangle. 

l<>. The sides B ( fM, .1// of a triangle ABC are divided 
internally by points A\ B\ <" so that 

BA : A C - CD' : B'A = AC : C'B. 

Also B'C' produced cuts BC externally in A". Prove that 

HA” \ CA” = CA'*\ A ’B \ 
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CHAPTER I\ 
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,, 40 '. If K be an y P oint in space, and A any other point, 

then it M, produced if necessary t meet a given plane it in A', 

A is called the projection of A on the plane tt by means of the 
vertex V. 

It is clear at once that the projection of a straight line on 
a plane Trisa straight line, namely the intersection of the plane 
7r with the plane containing V and the line. 

If the plane, through V and a certain line, be parallel to the 

7 r P lane > then that line will be projected to infinity on the tt 

plane. The line thus obtained on the tt plane is called the line 
at infinity in that plane. 


41. Suppose now we are projecting points in a plane p by 
means of a vertex V on to another plane tt. 

Let a plane through V parallel to the plane tt cut the plane 
p in the line AB. 

This line AB will project to infinity on the plane tt, and for 
this reason AB is called the vanishing line on the plane p. 

The vanishing line is clearly parallel to the line of inter¬ 
section of the planes p and tt, which is called the axis of 
projection. 


42. Now let EDF be an angle in the plane p and let its 
lines DE and DF cut the vanishing line AB in E and F, then 
the angle EDF will project on to the 7 r plane into an angle of 

magnitude EVF. 
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For let the plane VDE intersect the plane ir in the line de. 


Then since the plane VEF is parallel to the 
intersections of these planes with the plane VDE 
that is, de is parallel to VE. 


plane 7 r, the 
are parallel ; 



.Similarly dj is parallel to VF. 

Therefore Z edf= z E VF. 

Hence we see that any angle in the plane p projects on to the 
7 r plane into an angle of magnitude equal to that subtended at V 
by the portion of the vanishing tine intercepted by the lines con¬ 
taining the angle. 

43. Prop. By a proper choice of the vertex V of projection, 
any given line on a plane p can be projected to in finity , while two 
given angles in the plane p are projected into angles of given 
magnitude on to a plane 7 r properly chosen. 

Let A B be the given line. Through AB draw any plane p'. 

Let the plane 7 r be taken parallel to the plane p. 

Let EDF , E'D F ' be the angles in the plane p which are to 
be projected into angles of magnitude a and respectively. 

Let E y F, E\ F ' be on AB. 
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On EF t E'F' in the 
containing angles equal 
segments intersect in V . 


planu p describe segments of circles 
to a and ft respectively. Let these 


Then if V be taken as the vertex of projection, AH will 

project to infinity, and EDF, ED'F' into angles of magnitude 
a and 73 respectively (§42). 



Cor. 1. Any triangle can be projected into an equilateral 
triangle. 

For if we project two of its angles into angles of (10° the 

third angle will project into 60° also, since the sum of the 

three angles of the triangle in projection is eipial to two right 
angles. 

/Cor. 2. A quadrilateral can be projected into a square. 

Let A BCD be the quadrilateral. Let EF be its third 

diagonal, that is the line joining the intersections of opposite 
pairs of sides. 

Lefc AC and BD intersect in Q. 

Now if we project EF to infinity and at the same time 
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project Zs BAD and BQA into right angles, the quadrilateral 
will be projected into a square. ' 



Ion the projection of EF to infinity, secures that the pro¬ 
jection shall he a parallelogram; the projection of z BAD into 
a right angle makes this parallelogram rectangular; and the 

projection of Z AQB into a right angle makes the rectangle a 
t square. 


44. It may happen that one of the lines DE, D E' in the 
preceding paragraph is parallel to the line AB which is to be 
projected to infinity. Suppose that DE is parallel to AB. In 
this case we must draw a line FV in the plane // so that the 
angle EF 1 is tin* supplement of or. The vertex of projection 
Twill be the intersection of the line FV with the segment of 
the circle on E F'. 

If D'E' is also parallel to AB, then the vertex V will he the 
intersection of the line FV just now obtained an.l another line 
F V 80 dra "'n thiit the angle E'F' V is the supplement of £. 

45. Again the segments of circles described on EF, FAF’ in 

the proposition of §43 may not intersect in any real point. In 

this case V is an imaginary point, that is to say it is a point 

algebraically significant, but not capable of being presented to 

the eye in the figure. The notion of imaginary points and lines 

which we take over from Analytical Geometry into our present 
subject will be of considerable use. 
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\y 

46. Prop. A range of three points is, projectin' n ith am, 
other range oj three points in space. 





Let A, B, C be three collinear points, and A', B\ C" three 
others not necessarily in the same plane with the first three. 
Join A A'. 


Take any point V in A A'. 

Join VB, VC and let them meet a line A'BE drawn through 
A in the plane VAC in D and E. 

Join DB\ EC'. These are in one plane, viz. the plane con¬ 
taining the lines A'C and A'E. 

Let DB', EC' meet in V. Join V'A'. 

Then by means of the vertex V, A, B, C can be projected 

into A', D, E ; and these by means of the vertex V can be 
projected into A', B', C\ 

Thus our proposition is proved. 


47. The student must understand that when we speak of 
one range being projective with another, we do not mean 
necessarily that the one can be projected into the other by a 
single projection, but that we can pass from one range to the 
other by successive projections. 
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A range of four points is not in general projective with any 
other range of four points in space. We shall in the next 
chapter set forth the condition that must be satisfied to render 
the one projective with the other. 


' ' EXERCISES 

1. I row* that a system of parallel lines in a plane p will project 
on to another plane into a system of lines through the same point. 

2. I wo angles such that the lines containing them meet the 
\anishing line in the same points are projected into angles which are 
equal to one another. 

•i. Shew that in general three angles can be projected into 
angles of the same magnitude a. 

4. Shew that a triangle can be so projected that any line in its 
plane is projected to infinity while three given concurrent lines 

through its vertices become the perpendiculars of the triangle in 
the projection. 

o. Explain, illustrating by a figure, how it is that a point R 
tying 011 ;l bne P<2, and outside the portion PQ of it, can be pro¬ 
jected into a point r lying between p and <y, which are the projections 
of P and Q. 

G. Any three points A Xt //,, (\ are taken respectively in the 
sides BC, CA, A B of the triangle ABC ; B X C X and 1JC intersect in 
P; (\A X and CA in C; and A , //, and A B in II. Also FII and BB X 
intersect in M, and FO and CC X in N. Prove that MG, FII and 
BC are concurrent. 

7. Prove that a triangle can be so projected that three given 
concurrent lines through its vertices become the medians of the 
triangle in the projection. 

; ( 8. If AA X , BB X , CC X be three concurrent lines drawn through 

the vertices of a triangle ABC to meet the opposite sides in A X B X C X ; 
and if B X C X meet BC in A 2 , C\A X meet CA in B,, and A X B X meet 
AB in C 2 ; then A.,, B. Jt C., will be collinear. 

[Project the concurrent lines into medians.] 

9. If a triangle be projected from one plane on to another the 
three points of intersection of corresponding sides are collinear. 

1 r ■ . r f ;Y C i w rf) , ' ‘ 


i • 


C 


< 
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CHAPTER V 


CROSS-RATIOS 

48 ;< » e nn iti0n ' ^ A ' 11 D be :l -‘g- of Points, the 
° ADTCB 18 ca,Ied a cross-ratio of the four points, and , s 

conveniently represented by (ABCD), in which the order of the 

letters is the same as their order in the numerator of the 
cross-ratio. 

Some writers call cross-ratios ‘anharmonic ratios’ This is 

however not a fortunate term to use, and it will be best to avoid 
it. For the term 'anharmonic’ means not harmonic, so that an 
anharmonic ratio should be one that is not harmonic, whereas a 
cross-ratio may be harmonic, that is to say may be the cross- 
latio of what is called a harmonic range. The student will 
better appreciate this point when he comes to Chapter VII. 

49 '' lhe essentials of a cross-ratio of a range of four points 
are: (1) that each letter occurs once in both numerator and 
denominator; (2) that the elements of the denominator are 
obtained by associating the first and last letters of the numerator 
together,^and the third and second, and in this particular order. 

AD.BC 1S not a cross -ratio but the negative of one, for 
AB.CD 

1 ^-adajb = -( abgd )- 

BA .CD 

ACTUS’ thou g h not appearing to be a cross-ratio as it 

stands, becomes one on rearrangement, for it - BA ‘ , that 

is (BA CD). 
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Since there are twenty-four pcnuutations of four letters 
taken all together, we see that there are twenty-four cross-ratios 
which can be formed with a range of four points. 

^ 50. Prop. 1 he twenty-jour cross-ratios of a range of four 
piAnts are equivalent to si.i\ all of which can he expressed in terms 
of any one of them. 


Let 


(A BCD) = X. 


B 


D 


first we observe that it the letters ot a cross-ratio be inter 
changed in pail's simultaneously, the cross-ratio is unchanged. 


F 


or 


iiijnru BA.DC AH. CD A 

BC.DA AD .CB~^ ABCD) 


(CDAD) = 


(DCBA) = 


CD. A D 
CD. A D 

DC. DA 
DA . DC 


A D. CD 
A D. CD 

A D. CD 
A D. CD 


= (A D( 'D\ 
— (A BCD). 


Hence we get 

(A DC D) = (DA DC) = (CD A D) = (DC DA ) = \ ... (1). 

Secondly we observe that a cross-ratio is inverted if we 
interchange either the first and third letters, or the second and 

fourth. 

• •• (ADCB) = (BCDA) = (CBAD) = (DABC) = * ... (2). 

These we have obtained from (1) by interchange of second 

and fourth letters; the same result is obtained by interchanging 
the first and third. 

Thirdly, since by §31 

AB. CD + BC. AD + CA . BD = 0, 

. AB.C D CA.BD 
" AD.CB l+ AD.CB~°- 

. , CA.BD AC.BD 

AD.CB AD. BC~^ ACBB ^ 
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Thus the interchange of the second and third letters changes 

\ into 1 -x. We may remark that the same result is obtained 
by interchanging the first and fourth. 

Thus from (1) 

(.-l CBD) = (BDA C) = (CADB) = (DBCA) = 1 - x ... ( 3 >, 

and from this again by interchange of second and fourth letters, 

1 

* * • W* 


get 


( ADBC) = (BCAD) = (CBDA ) = (DACB) = 

1-X 

In these we interchange the second and third letters, and 


( ABDC) = ( BACD) = (CBBA) = (DCAB) 




1 


X 


1 - A. X - 1 


* * * ( )• 


And now interchanging the second and fourth we get 

(A CDB) = ( BDCA ) = (CA BD) = (D BA C) = 


X-l 

X 


.. .(6). 


We have thus expressed all the cross-ratios in terms of X. 

And we see that if one cross-ratio of four collinear points be 

erpial to one cross-ratio of four other collinear points, then each 

of the cross-ratios of the first range is equal to the corresponding 
cross-ratio of the second. M 

Two such ranges may be called ecjui-cross. 

51. Prop. If A, B , C be three separate collinear points, 
and D, E other points in their line such that 

0 ABCD) = (ABCE), 

then D must coincide with E. 


For since 


AB'.CD AB.CE 


AB.CB AE.CB ’ 

AE . CD = Al) . CE. 

(AD + DE) CD = AD (CD + BE). 
DE {AD -CD) = 0. 

DE.AC = 0. 

DE = 0 for AC^O, 
that is, D and E coincide. 


A. G. 


4 
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52. Prop. A range of four point's is erjui-cross with its 
projection on any plane. 

Let the range A BCD he projected by means of the vertex 
V into A'B’C'D'. 

Then 

AB.CD _ AAVB A CVD 

A D . CB ~ ~KAVD ‘ ~AC VB* r ° Kard be,n S had to t,le sl S ns of 

the areas, 

= i VA . VB sin A VB l VC. VD sin CVD 
\ VA . VD sin AVI)' \ VC. VB sin CVB* 

regard being had to the signs of the angles, 
_ sm ^1 VB sin CVD 
sin A VI) sin CVB ’ 


V 



Fig. 1. 

Similarly 

AW .CD _ sin A’VB' sin C'VD' 
AD'.C'B' ~ sin A'VD'~smC'VB" 

Now in all the cases that arise 

si n A'VB’ sin C'VD' _ sin A VB sin CVD 
sin A' VD sin C" VB' ~ sin AFT/sin CVB ' 



CROSS-RATIOS 
This is obvious in fig. 1. 

In fig. 2 


sin A'VB' = 


and 


sm B'VA, those angles being sin 
= - sin A VB t 

sin A' VI)’ = S i n D 'VA = - sin A VI). 


supplemental^, 



Fig. 2. 
Further 

and 


In fig. 3 


Fig. 3. 

sin C'VD' = sin CVD, 
sin C'VB' = sin CVB. 


sin A'VB* = sin A VB, 

sin C' VD' = sin CVD, 

sin A' VD' = sin D' VA = — sin A VD, 

sin C'VB' = sin BVC = — sin CVB. 

Thus in each case 


(A'B'C'D') = {A BCD). 


4—2 
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53. A number of lines in a plane which meet in a point V 
are said to form a pencil y and each constituent line of the pengil 
is called a ray. I is called the vertex of the pencil. 

Any straight line in the plane cutting the rays of the pencil 
is called a transversal of the pencil. 

From the last article we see that if VP lf VP 2 , VP 3 , VP, 
fm-m a pencil and any transversal cut the rays of the pencil in 
A, P, (_, L), then (APOD) is constant for that particular pencil; 
that is to say it is independent of the particular transversal. 

It will be convenient to express this constant cross-ratio by 
the notation V (P, P 2 P 3 P .). 



\\ e easily see that a cross-ratio of the projection of a pencil 
on to another plane is equal to the cross-ratio of the original 





For ^ ^ i* P 9 , Pa) be the pencil, 0 the vertex of 
projection. 
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Let tbe lino of intersection of the p an,I ,r planes cut (he 
1 a 3* s °i the pencil in 7^ F 7) inr j i (if . i~ i ,, 1 

F F' P' i ’ ’ 1 ’ ld kt 1 ke the projection ,»f 

’ J i> OI >-Ti, and so on. 

"Ihen A BCD is a transversal also of 

F'(7V, P7, 7V, 7V ). 

•*. V ( P l P 2 1> 3 1\) = (ABCD) = V' {P;p^p;p;y 

JLZ'J? n0 "' 111 * l :° Sltl0n *° Set forth the condition that 
twoMifges of four points should bo mutually projective. 

^? r ° P ; be a ra,,f J e ' <"‘ d A'B'C'jy another range 

projective. ) — (ABCD), then the two ranges are 


V' 



Join A A' and take any point V upon it. 

, Join VB, VC, VD and let these lines meet a line through 
A in the plane VAD in P, Q, R respectively. 

T P A'• Q°' and let th ese meet in V. Join V'A', and 
V K , the latter cutting A'D ' in X. 
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Then ( ABCD) = (A'PQR) = (. A'B'C'X ).. 

But ( ABCD) = (A B'CD ) by hypothesis 

{A'BC , X) = (A'BCDj. 

.*. X coincides with D' (§ 51). 

Thus, by means of the vertex V, A BCD can be projected into 
A'PQR , and these again by the vertex V into A'B'C'D' 

Thu s our proposition is proved. 


II 


55. Def. Two ranges ABODE... and A'B'CD'E' ... are 
said t<» be homographic when a cross-ratio of any four points of 
the one is equal to the corresponding cross-ratio of the four 
corresponding points of the other. This is conveniently expressed 
by the notation 

(A BODE ...) = (A'B'C'DE...). 

The student will have no difficulty in proving by means of 
§ 54- that two homographic ranges are mutually projective. 

Two pencils 

V (P, Q, R, S, T...) and V (P\ Q', R', S', T ...) 

are said to be homographic when a cross-ratio of the pencil 
formed by any four lines of rays of the one is equal to the 
corresponding cross-ratio of the pencil formed by the four corre¬ 
sponding lines or rays of the other. 

5Gc Prop. Two homographic pencils are mutually pro¬ 
jective. ( . o ■ ’yj>) 

For let PQRS..., P'Q'R S'... be any two transversals of the 
two pencils, V and V the vertices of the pencils. 

Let PQ "R"S "... be the common range into which these can 
be projected by vertices 0 and O'. 

Then by means of a vertex K on 0 V the pencil V(P t Q,R,S...) 
can be projected into 0 (P, Q", R",S" ...); and this last pencil 
can, by a vertex L on 00', be projected into O' (P, Q'\ R", S"..-), 
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that i*>, 0 (1 , Q , R , N ...); and this again by means of a vertex 

J/ on O I r/ can bo projected into F' (P', p\ s' 



57. We will conclude this chapter with a construction for 
drawing through a given point in the plane of two given parallel 
lines a line parallel to them, the construction being effected by 
means of the ruler only. 

Let Aw, A,w' be the two given lines, w and w' being the 
point at infinity upon them, at which they meet. 

Let P be the given point in the plane of these lines. 

1 >raw any line AC to cut the given lines in A and 0, and take 
any point B upon it. 

Join PA cutting A ,o/ in A,. 

Join PB cutting A x w in B , and Aw in B,. 

Join PC. 

Let A^A and B 2 C meet in Q. 
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Let QB meet CP in O. °£cJ-c4> tuJ- 

Let A x 0 and AC meet in D. (\ u? 

PL) shall he the line required. 



For 


( A , B x Cco) — B (A x B x C<i)') = (A.,B.,A(j)) = A x ( A.,B.,Au >) 

= ( BB,PB X ) = C ( BB,PB X ) = (A QPA x ) = 0 ( AQPA x ) 

= {A BCD). 

. \ P (A x B x C<o) = P (A BCD). 

PD and Pay are in the same line, 
that is, PD is parallel to the given lines. 


EXERCISES 

1. If (ABCD) = - ^ and B he the point of trisection of AD 
towards A y then C is the other point of trisection of AD. 

2. Given a range of three points A t B y C, find a fourth point D 
on their line such that (ABCD) shall have a given value. 
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a'p^ci f 0*1" 1,0 P;l " MM 1,1 " A " f «" -' 

0(Al!Cf>) = A c , ; r 

-l- If (A]}CD) = (AHC'D'), tlien (AJ1CC) = (A HDD). 

J. If A, ]}, C, D he a range of four separate points and 

(AliCD) = (A DCli), 

then each of these ratios = — ]. 

6. Of the cross-ratios of the range formed by the cireumcentre, 
median point, nine-points centre and orthocentre of a triamde ei-lit 

are djual to-1, eight to 2, and eight to J-. 

'• A " y P lane wil1 cut foui ' given planes all of which meet in a 
common line in four lines which are concurrent, and the cross-ratio 
ot the pencil formed by these lines is constant. 

a «’ /-T a ^ m n b ' C ’ d t0 be the distances from 0 to the points 
-4, />, C y D all in a line with 0, and 

A = (a - d) (b — c), ,x=(b- cl) ( c - a), v = (c - cl) (a - /,), 

shew that the six possible cross-ratios of the ranges that can be made 
up ot the points A, B , C\ D are 


A’ 
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58. Def. A figure consisting of an assemblage of points 
P, Q, It, S, kc. is said to be in perspective with another figure 
consisting of an assemblage of points P\ Q\ It', S’, kc., if the 
lines joining corresponding points, viz. PP\ QQ', Itli’, kc. are 

concurrent in a point 0. The point 0 is called the centre of 
perspective. 

It is clear from this definition that a figure when projected 
on to a plane or surface is in perspective with its projection, the 
vertex of projection being the centre of perspective. 

It seems perhaps at first sight that in introducing the notion 
of perspective we have arrived at nothing further than what we 
already had in projection. So it may be well to compare the 
two things, with a view to making this point clear. 

Let it then be noticed that two figures which are in the same 
plane may be in perspective, whereas we should not in this case 
speak of one figure as the projection of the other. 

In projection we have a figure on one plane or surface and 
project it by means of a vertex of projection on to another plane 
or surface, whereas in perspective the thought of the planes or 
surfaces on which the two figures lie is absent, and all that is 
necessary is that the lines joining corresponding points should 
be concurrent. 

So then while two figures each of which is the projection of 
the other are in perspective, it is not necessarily the case that 
of two figures in perspective each is the projection of the other. 

59. It is clear from our definition of perspective that if 
two ranges of points be in perspective, then the two lines of the 
ranges must be coplanar. 
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0 ho I ' ’ ’ ’ mv with A'. If. C\ k,-.. 

, w " tlv °‘ P^l^'tivo. A'If and AH am in the -a,no 

Plano, uz. the plane containing the linos OA OH - 


O 



It is also clear that ranges in perspective are homographic. 

But it is not necessarily the case that two homographic 
i anges in the same plane are in perspective. The following 
proposition will shew under what condition this is the case, 

, 6 °; Pr0p ‘ T f two homographic ranges in the same plane 

be such that the point of intersection of their lines is a point 

ranges , then the ranges are in 

perspective. 

O 



For let {ABODE...) = (AB'C'D‘E'.,.\ 

Let BB', CC' meet in 0. r 


llKUii <-o r 


& 


( 


-J 


* \' 


T 
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* 7 


GO 


PERSPECTIVE 


Join OD to cut AB in D ". 


Then 


(AB'C'D') = (ABCD) 

= (AB'C'D"). 

.*.7)' and I)" coincide. (§ 51.) 

Ihus the line joining anv two corresponding points in the 

two homographic ranges passes through 0; therefore they are 
in perspective. 


61. Two pencils V(A, B, C y D...) and V' (A\ B\ C\ /)'...) 
\\ill according to our definition he in perspective when V and 
} aie * n perspective, points in VA in perspective with points 
in l A , points in 1 B in perspective with points in V'B' and 

so on. 




We can at- once prove the following proposition: 

If two pencils in different planes be in perspective they have 
a common transversal and are homographic. 

Let the pencils be V (A, B, C, D...) and V'(A', B\ G\ D '...). 

Let the point of intersection of VA and V'A\ which 
cophinar (§ 59), be P; let that of VB, V'B ' be Q ; and so on 


are 
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The points P, Q, R, 6 \ &c . oacI , lit , M . 

ST»• -.* 

Thus the points are eollinear, and since 

V (A BCD. ..) = ( PQRS. ..)=!-( .1 '/PC' D . 

the two pencils are homographic. 

Ihe line PQRS... containing the points of intersection ,f 
onesponding rays is called the axis of perspective. 

62. According to the definition of perspective riven at th 
Wg.n„,„ g of this chapter, two pencil, \,. e ^ 

vertices XX"™' *"*“ “ >*** their 

the last paragraph, P*Q, cmiea P° ndm 8 ra .V s be ' as 111 

^ e cannot now Drove PC) T? ^ i ... 
f r „ . 1 e 1 » *••• to bo co]linear, for indeed 

the} are not so necessarily. 

Eut if the points P, Q, & c . are eollinear, then we sa V that 
the pencils are cnaxul. - 

graphic.b 6 C ° aXftl tho ^ “ ro at — to he homo- 

63. It is usual with writers on this subject to define two 

c p zi:™ pective if their in . 

•flefi'v " h!,]1 \ n<3 lt COnducive to clearness to keep rigidly to the 

'/pencils °as T T ^ ^ We sha “ *P™ k two 

jp as coaxally vn perspective if the intersections of their 

Pcorresponding rays are eollinear. 

As we have seen, two non-coplanar pencils in perspective are 
always coaxal; but not so two coplanar pencils. 

Writers, when they speak of two pencils as in perspective 
mean what we here call ‘coaxally in perspective.’ 
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64 . Prop. If two homographic pencils in the same plane 
have a corresponding rag the same in both, they are coaxally in 
perspective. 

Let the pencils be 

V (A, C, 1 ), &c.) and V' (A, B ', C\ D\ &c.) 
with the common ray VVA. 

Let VB and V B' intersect in ft, VC and VC in y, VD and 
V'D' in 8, and so on. 



Let 7/3 meet V'VA in a, and let it cut the rays VD and 
VD' in 8, and 8._, respectively. 

Then since the pencils are homographic, 

V (ABCD) = V (AB'C'D'). / 

(a/378,) = (a/ 3 y&. 2 ). 

Therefore 8, and 8» coincide with 8. 

Thus the intersection of the corresponding rays VD and 
V'D lies on the line By. 

Similarly the intersection of any two other corresponding 
rays lies on this same line. 

Therefore the pencils are co axall y in perspective. 

■ ‘ d l ^ 1 cvyr 

^ (J& OAt dki 




peksi'kctiy'!•; 


V N ' ' » 

65. Prop. It'A lie A'/er' i> * , 

Z"" k . w r*« 

^ G’j rrr^ ^ * «**•>•*»> 4 ;*•.... 

! 1 l he P 0 "'*** intersection so obtained ore colli,,cor. 

Let the lmos of the ranges intersect in P. 

pointin'tl CC01<liUg t0 ° Ur hyi>,,theSis P is 11111 « corresponding 

point in tin? two ranoes. 

■mar"" b ° , COnVe " iont to f ^note P by two different letters X 
and Y , according as we consider it to belong to the ABC ’ ... 

to fht* -\ RT 1 ' , lIR -ti/Jo... or 

° L,1L o ... ran«v. 



Let X’ be the point of the A BV... range corresponding to 

f m the other, and let F be the point of the ABC ranee 
corresponding to Y' in the other. ° 

Then (ABOX¥...) = ( A 'B'CX'Y'...). 

■ ■A (ABCXY...) = A (A'BC'X'Y'...). 

These two pencils have a common rav vis A A' e \ 

t .» the *— 

A'B, AB'; A'C, AC'; A'X, AX'; A'Y AY'- 

and so on. 

From this it will bo seen that the locus of t-hr f 

on t\£ZtT/ A and ^ ^ a " d * * - -1 -o 
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Similarly the cross-joins of any two pairs of corresponding 
points will lie on X'Y. 

This line X'Y is called the homographic axis of the two 
ranges. 

This proposition is also true if the two ranges have a common 
corresponding point. The proof of this may be left to the 
student. 

66. The student may obtain practice in the methods of 
this chapter by proving that if 

V ( A , B, C 1 ...) and V' (A ', B\ C'...) 

be two homographic coplanar pencils not having a common 
corresponding ray, then if we take the intersections of VP and 

V'Q', and of VQ and VP' (VP, V’P’; and VQ, V'Q' being 

any two pairs of corresponding lines) and join these, all the lines 
thus obtained are concurrent. 

It will be seen when we come to Reciprocation that this 
proposition follows at once from that of § 65. 


TRIANGLES IN PERSPECTIVE 


67. Prop. If the vertices of two triangles are in perspective , 
the intersections of their corresponding sides are collinear , and 

converse!//. 

(1) Let the triangles be in different planes. 

Let O be the centre of perspective of the triangles ABC, 


Ain 


t' 


% 


Since BC, B’C arc in a plane, viz. the plane containing OB 
aiul OC, they will meet. Let A r be their point of intersection. 

Similarly CA and C'A' will meet (in Y) and AB and A B 

(in Z). 

Now X , Y, Z are in the planes of both the triangles ABC , 


A’B'C’. 

Therefore they lie on the line of intersection of tjiese 

planes. / 

Thus the first part of our proposition is proved. / 



PKIJsPKtTl YK 


<>V> 


!- t tlU> triaUS:,0S A Ii0 - ABl " snch that th, i 11 1 1 ■ r- 
,T ° f com ' s pon<ling sides (X. r, Z) are ollim-.i, . 

th ' S ! , , 1C ° B ° a,Ul B C met ' ! th °V :uv coplanar. and similarly fur 
t,u ''tiler pairs of sides. 


z 



y 

/• 

✓ * 

/ / 

/ 

/ 


Thus we have three planes BCC'B\ CAA'C ABB'A' of 
which ^IJ. , CC' are the lines of intersection. 

But three planes meet in a point. ^ 

Therefore AA\BB\ CC' are concurrent, that is, the triangles 
are in perspective. ® 


(2) Let the triangles be in the same plane. 
First let them be in perspective, centre 0. 



Let X, V, Z be the intersections of the corresponding sides 
as before. 

Project the figure so that XY is projected to infinity. 
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Denote the projections of the different points by correspond 
ing small letters. 

We have now 

ob : oh' = oc : oc since be is parallel to b'c' 

= oa : oa since c<t is parallel to ca 
ab is parallel to a'b‘. 

• z is at infinity also, 
that is, x , y, z are col linear. 

A”, Y, Z are collinear. 


Next let X, Y,Z be collinear; we will prove that the triangles 
are in perspective. 



Let A A' and BB' meet in (J. 

Join OC and let it meet A'C* in C". 

Then ABC and A'B'C" are in perspective. 

the intersection of BC and B'C lies on the line YZ. 

But BC and B'C meet the line YZ in X by hypothesis. 

.*. B'C and B'C are in the same line, 
i.e. C" coincides with C . 

Thus ABC and A'B'C' are in perspective. 

68. Prop. The necessary and sufficient condition that the 
coplanar triangles ABC, A'B'C' should be in perspective is 

AB X . AB 2 . CA ,. CA ,. BC\ . BC, 

= AC X .AC,. BA j. B^y CB ,. CB,, 



PERSPECTIVE 


A " A - bei "9 ^’points in which A' H and AT meet the tan, 

corresponding side BC, 

B " B * heing the P oints which lie and H A' meet the „„„ 
corresponding side CA, 

C " C = hein V the P° i,tts *« which CA' and C li' meet the mm- 
corresponding side AH. 


Y 



First let the triangles be in perspective; let XYZ be the 
axis of perspective. 
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Then since A", B ] , C. 2 are collinear, 

AB X . CX . BC. 
AC*. BX . CB X 

Since V, C\, A 2 are collinear, 



AY.CA,.BC X 
' * AC\.BA. 2 .CY 


Since Z, A ,, 5... are collinear, 



A 7*.. CA ,. 77Z 
AZ.BA X .CB a 


Taking the product- of these we have 


A/7,. A77,.. CA x . CA* 
AC]. Ar,. 77A,. BA 2 


BC X . BC..AY. CX.BZ 
C% . CB 2 .AZ. BX . CT 



I hit A', T, Z are collinear, 



a r. o;a . /7Z 
az. 77X.cr - * 



A 77, . A R .. CA,. CA .... 77C,. 77C, 

= A C,. A C 2 .77A,. Z7A,. CB X . C7?,. 


Next 
For it 


we can shew that this condition is sufficient, 
renders necessary that 


AY. CX . BZ _ 
AZ . BX. CY ~ 



Y. Z are collinear and the triangles are in perspective. 


Cor. If the triangle ABC be in perspective with A'B'C\ 
and the points A,, A,., B x , 77.., C\, C. be as defined in the above 
proposition, it is clear that the three following triangles must 
also be in perspective with ABC, viz. 

(1) the triangle formed by the lines A x B., f 77,(7,, CA 2 , 


( 2 ) , 

(3) 


A X B X , 77X 2 , C x A . 2 , 
A ,77,, 77,C,, C,A 2 . 
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EXERCISES 

Plane • °* tl,,W 

™d r/f r 1, 1 ,te,sect 111 '».• CA ' •*"<i r-j /;„ iU1 d m: 

cl I HI Jj 111 Ci! DrOVP tlnf f li /* li- 

1J P 1U ' L inac C, are colli near. 

centre a " d fn° ^ t "'° COpla,,;u ' in perspective, 

tr anl c "'‘T 8 '' ° aUy ' iMe ^ »ot in the plane of the 

Snl Mr] a ' e ;Uly t "'° P ° i,ltS 0,1 thi * P-ve that the 

me ° tif C ^ “ eanS 0t tl,e ceutre and tlie triangle ABC hv 
means of the centre X', are in perspective with a common triangle.' 

coaxal tr«v ra i ng thUt *'? » 0, ‘- c oplanar triangles in perspective are 

E - 2 - «*•*. . -.*.. 

s-'” o7 st: i: 

eiven ‘.rS’Z'fhfZ'l : c!' 

perspective. ° e ;l conilno “ axls of 

5 When three triangles are in perspective two by two and 
are corner 6 centres of perspecUve 

pj- pi 6 POin * S ? i an ; J * ,ie on the straight line AC, and the 
Std pi straight line d/d; Kf, meets the straight line AJJ in 

^ in 1/ ^ ; is an °ther point on All-, XQ meets 

Xk “““* AD ■" w - ** rr. ir, ac 

triangles ABC^Tb c' should 1 h^ 111 cotulition tl,at tll ° eoplanar 
b w, avl should be in perspective is 

A b'. Be’. Ca = Ac . Ba . Cb\ 

T' ie /r p' f*. 6 I 1611 ?' 6 the SideS ° f the Wangle A'B'C opposite to 
faff ' leSpeC lVe anc ^ denotes tlie perpendicuh ir from d on 

; ^Eet/y'C' and /iC' meet in X; CM' and CM in Y- A'B' and AB 
n I he condition given ensures that X, Y, Z are collinear.] 
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8. Prove that the necessary and sufficient condition that the 
coplanar triangles ABC, ABC should he in perspective is 

sin ABC' sin ABA' sin BCA' sin BCB' sin CAB' sin CAC' 
sin AC B' sin AC A' sin C BA sin CBC siT VBAC' sin BAB’ = 1# 


[This is proved in Lachlan's Modern Pure Geometry. The 
student has enough resources at his command to establish the test 
for himself. Let him turn to § 36 Cor., and take in turn 0 at A', 
B', C' and at the centre of perspective. The result is easily obtained. 
Nor is it difficult to remember if the student grasps the principle, 
by which all these formulae relating to points on the sides of a 
triangle are best kept in mind—the principle, that is, of travelling 
round the triangle in the two opposite directions, (1) AB, BC, CA, 

(2) AC, CB, BA.] 

» 9. Two triangles in plane perspective can be projected into 

| equilateral triangles. 

10. ABC is a triangle, /,, /., its ecentres opposite to A, B, C 

respectively. /./, meets BC in A ,, /,/, meets CA in />, and /,/ 2 
meets AB in C\, prove that A ,, B ly C, are collinear. 

: u 11. If AD, BE, CF and AD', BE', CF' be two sets of con- 

■ ✓ 

current lines drawn through the vertices of a triangle ABC and 
meeting the opposite sides in /), E , /’and D', E', F', and if /’/’and 
E'F' intersect in X, FD and F D' in )', and DE and D'E' in Z, 
then the triangle XYZ is in perspective with each of the triangles 

ABC, DEF, D'E'F'. 

[Project the triangle so that AD, BE, CF become the per¬ 
pendiculars in the projection and AD', BE', CF' the medians, and 
then use Ex. 7.] 



CHAPTER VII 

harmonic section 


69. Def. Four collinear points A, B, < \ L) a.v said to turn 
a harmonic range if 

(ABCD) = — 1. 


B 


O 


We have in this case 


AB.CD 


= - 1 . 


A D. CB 

. AB AB—AC AB 
’ ' AD~‘ 


■1C 


AD-AC AC—AD* 

thus AC is a harmonic mean between AB and AD 

Now reverting to the table of the tvveotj-four ero«-r,tio.,.. 

, *V; P °' n,s «'«* if (ABCS)— 1 , then 

an the following cross-ratios = — 1 : 

(ABCD), (BADC ), (CD A B), (DCBA) 

(ADCB), (BCDA), (G'BAD), (DABC). 

A2>^utal"o° fc 0n ' y iS ACa llarmonic between AB and 

BD is a harmonic mean between BA and BC, 

C* ” ” >> BC and DA, 

” ” » CB and CD. 

We shall then speak of A and C as harmonic conjugates to 
B and D, and express the fact symbolically thus- 

(AC,BD) = - i. 



HARMONIC SECTION 


72 


By this we mean that all the eight cross-ratios given above, 
and in which, it will be observed, A and Care alternate members, 
and B and D alternate, are equal to — 1. 

When (AC, BD) = — 1 we sometimes speak of D as the fourth 
harmonic of A, B and C; or again we say that AC is divided 
harmonically at B and D, and that BD is so divided at A and C. 
Or again we may say that C is harmonically conjugate with A 
with respect to B and D. 

A pencil P (A, B, C, D) of four rays is called harmonic when 
the points of intersection of its rays with a transversal form a 
harmonic range. 

The student can easily prove f«*r himself that the internal 
and external bisectors of any angle form with the lines containing 
it a harmonic pencil. 

70. Prop. If (AC, BD) =-l, and 0 be the middle point 
of AC, then 

OB . OD = OC- = OA-. 


O 


B 


D 


For since ( A BCD) = — 1, 

.-. A B . CD = — A D . CB. 

Insert tho original O.. 

.-.(OB - UA) (OD - OC) = - (OD - OA) (OB - OC). 

But OA = — OC. 

,\(0B+ OC)(OD- OC) = -(0D + 0C)(0B - OC). 

.-. OB . OD + OC. OD - OB . OC - OC 2 

= — OD . OB + OC. OD - OB . OC + OC'-. 

.-. 20B 0D=20C*. 

.-. OB. OD = OC- = AO 1 = 0A-. 

Similarly if O bo the middle point of BD, 

OC. O'A = O'B- = 0‘D\ 

Cor. 1. The converse of the above proposition is true, viz. 
that if A BCD be a range and 0 the middle point of AC and 
OC- = OB . OD, then (A C, BD) = - 1. 

This fol lcnxs b y-wor king the algebra backwards. 
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O 

4 '> 


| Lon. Uven throe points J. 7i, C in a lino, to tin,I a point 

I, .V 1 th " 1,110 SU0h that ™> = -l wo describe a circh. 

M/> as diameter, then D is the inverse point oft’. 

p ™ p - ''pc m . - u,„.. c ... 

util cut vithogunall;/ vrerg circle through B u,,,/ 1). 



Let 0 be the middle point of AC and therefore the centr. 
of the circle on AC. K 

Let this circle cut any circle through B and D n, 1> ■ then 

OB .0D= QC- = 0p2 % 

CireK ' *>'» <"™ >'"■ 

“* KDc, “ 

u-li'l' X - /ff BGD be a range, and if the circle on AC as 
D, then { AC W BD°P-i yS ° me ^ ^ B Uml 
^ or nsin £ the same figure as before, we have 

OB . OD = OP- = 0C-. 

r.(AC,BD) = - i. 

Coil. 2. // fwo chcles cut orthogonally , a/jw diameter of one is 
divided harmonically by the other. 
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72. Prop. If P (AB, CD) = — 1 and APB be a right angle, 
then PA and PB are the bisectors of the angles between PC 
and PD. 

Let any transversal cut the rays PA, PB, PC, PD of the 
harmonic pencil in A, B, C\ D. 


P 



AC.BD _ 

’’ AD.BC “ 

.*. AC : AD = CB : BD. 


. \ as P lies on the circle on AB as diameter we have by 527 

PC : PD = CB : BD = AC : AD. 

. m . PA and PB are the bisectors of the angle CPD. 

/ 73. Prop. If on a chard PQ of a circle two conjugate points 
A, A' with respect to the circle be taken, then 

(PQ, AA') = - 1. 

Draw the diameter CD through A to cut the polar of A, on 
w hich A’ lies, in L. 

Let 0 be the centre. 

Then by the property of the polar, 

OL.OA = 0C\ 

(CD, LA) — — 1. 

Therefore the circle on CD as diameter (i.e. the given circle) 
will cut orthogonally every circle through A and L (§71). 

But the circle on A A’ as diameter passes through A and L. 

Therefore the given circle cuts orthogonally the circle on 
A A' as diameter. 
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But the given circle passes through P and i). 

( PQ. AA') = - |. 



and w'f, h , arm ° ni T C P, '° Pei ; ty ° f thG Cirde is great irnportanc 
and usefulness. It may be otherwise stated thus: 

divided^ °I a / rde , thr0 " 9k “ P ° int A ° re /'ormonicall 

tCplr[/ A P "' , “ " f '«< 


lateral ifrJ-) ff' ° f ^ dia 9 0nals <f « plane quad, 
lateral is divided harmonically by the other two. 

A p 6t r A 7?’r C 'v CD ’ DA te thS f ° Ur lines ° f the qxadrilatera 

finest t ' ltS S1X Vei ' tiCeS> that is ’ the intersections of i, 
lines taken in pairs. 

Ihen AC , BD y EF are its diagonals. 

Let PQR be the triangle formed by its diagonals. 

Project EF to infinity. Denote the points in the project™ 
by corresponding small letters. 1 J 


Then 


(BPDQ) = (bpdq) = h d- df ! = h P 

vq • dp dp 

f • do 

since = ? being at 




= - 1 . 



HARMONIC SECTION 


Similarly ( APCR) = — 1. 

Also (FQER) = B (. FQER) = (A PCR) = - 1. 


\o 


c 



V at x 


r at ao 



Thus we have proved 

(AC, PR) = - 1, (BD, PQ) = — 1, (A’F, <?/?) =-1. 

Cor. The circumcirele of PQR will cut orthogonally the 
three circles described on the three diagonals as diameters. 

Note. It haj been incidentally shewn in the above proof 
that if M be the middle point of AB, co the point at infinity on 
the line, (AB, J fa>) = — 1. 

75. The harmonic property of the quadrilateral, proved in 
the last article, is of very great importance. It is important 
too that at this stage of the subject the student should learn to 
take the ‘descriptive' view of the quadrilateral; for in ‘descriptive 
geometry/ the quadrilateral is not thought of as a closed figure 
containing an area; but as an assemblage of four lines in a 
plane, which meet in pairs in six points called the vertices ; and 
the three lines joining such of the vertices as are not already 
joined by the lines of the quadrilateral are called diagonals. By 
opposite vertices we mean two that are not joined by a line of 
the quadrilateral. 

76. A quadrilateral is to be distinguished from a quadrangle. 

A quadillngle is to by thought of as an assemblage of four 
points in a\ plane which cmyjao^tfnred^ by six straight 
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ln.es, called its sides or lines: two of these sides which do not 

>neet m a pomt of the quadrangle are called , 7yjiw< y, , 

Z lnt — fi - t'VO opposite Sides is called a .li t, p , • ' 

lh S name .s not altogether a good one, hut i, is suggest hv 
the analogy of the quadrilateral. 

,, Ltt " S ! lluS * rate thc loa,lin g teat tires of a quadrangle hv the 
Accompanying figure. 




the Its «** 4A m CO. 1)A, 


diagonal * ’ * * "' h “» th «“ .».«*« «. tin, 

Th, triangle PtJiJ „, a) , bo calleil the ( , iagona| 

,itU, of Z7"‘° P 7 VM> ' 'l»»d,angle i» „, e 

9 “ C, ‘ ‘'»e'. I ratal are 

nteating in that print. . 

be S.r^J’r " *"** "'»>■ on 

riom the harmonic nronerfv nf ftn , •, * , 

proved in §74. I pcity ot the quadrilateral 

associatedT'Ha° f ^ the diagonal triangle 

a flU:ldran ^ Ie h «* been called 
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EXERCISES 


1. If M and X be points in two coplanar lines AB, CD, shew 
that it is possible to project so that J/and AT project into the middle 
points of the projections of AD and CD. 


2. AA X , DD X , CC X are concurrent lines through tlie vertices of a 
triangle meeting the opposite sides in A x , D x , C x . D X C X meets DC 
in A.,; C X A X meets CA in JL ; A X D X meets AD in C 2 ; prove that 

{DC, -I,-I a ) = — 1, (CA, D x D 2 ) = - 1, (AD, C,Cy = -l. 



3. Prove that the circles described on the lines A X A 2 , B X D 2 , C, C._> 
defined in Ex. 2) as diameters are coaxal. 


[Take D a point of intersection of circles on A X A.,, B l B i , and 
shew that C, C« subtends a right angle at P. Use Ex. 2 and § 27.] 

4. The collinear points A, D, C are given: CE is any other 
fixed line through C, E is a fixed point, and D is any moving point 
on CD. The lines A E and DD intersect in Q, the lines CC and DE 
in H, and the lines DR and AC in P. Prove that P is a fixed point 
as D moves .along CE. 


5. From any point J/ in the side DC of a triangle ADC lines 
MB' and MC are drawn parallel to -1C and AD respectively, 
and meeting AD and AC in and C . The lines DC and CD' 
intersect in P, and A l* intersects D C in M'. Prove that 

M'K : APC 9 = MB : MC. 


G. Pairs of harmonic conjugates (DD'), (EE), (EE) are 
respectively taken on the sides DC, CA, AD of a triangle ABC 
with respect to the pairs of points (DC), (CA), .(AB). Prove that 
the corresponding sides of the triangles DEE and D'E E intersect 
on the sides of the triangle ADC, namely EE and E'E' on DC, and 
so on. 


7. The lines VA', YE, YC bisect the internal angles formed 
by the lines joining any point Y to the angular points of the triangle 
ADC’, and A' lies on DC, D' on CA, C' on AB. Also A", D , C 
are harmonic conjugates of A', B', C with respect to B and C, C 
and A, A and B. Prove that A", D", C" are collinear. 


8. AA X , DD X , CC X are the perpendiculars of a triangle ABC ; 
A , D x meets AD in C.,\ X is the middle point of line joining A to 
the orthocentre; C x X and BD X meet in l 1 . Prove that C^T is 
perpendicular to DC. 
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•A** .. 

the locus of i8 a'straight^ line ^ KU ‘ V * 

«:-*“»» !*• .. 

the point of into'ealo 5 n T.‘" i- 

to the two circles. L polais ot the other point witli respect 

to A,'p A C B a C i ? ai 7 POi,ltS ° U the Sides of “ triangle ABC opposite 

harmonic conjugal ^^ T B^Tn ''‘I A ” ^ ™ 
with A and B. If a B r , ’ h - vlth C an, l A ', C, 

CC, be concurrent. 3 ’ 2 colhnear, then must AA„ BB U 

a triangle ABC. ‘ B t C\ nwets/fc "77 th ''° Ugl ‘ the vertiees of 
meets AB in C,. Prove that the 2 ’, C ‘ 1 nleet * CV1 i “ A, A t B, 
diameters all cut the circumeirct oTlZ"^’ f,'"" °' C ’ »* 
their centres in the same straight line. r ° g0nii ^ and have 

j [Compare Ex. 3.J 

middle point ^of fjt C °" J ' Ugate points of a circle and M the 
length IfA ’ the fr °'“ ^ ^ the circle are of 

jugate for each ch^ofTh^^e' 6 nf Pa ‘‘' ° f P °‘“ tS con ' 

circles, taken in pairj ^ ^ 

the system m^be a" coaxal ^e.'' 6 “ C ° mUJO,i ° f i ~ l-»ts 

ohe/i ^ifa^^Lif;;; 8 T ts i 11 * — 

contact of tangents drawn from Ato^^ S ‘ le "' that the chord of 

pass through the other extrem'f f ^ ° ne ^ ie cities will 
eirc leiAOO'. ‘ 1 y ot the dlaill «ter through A of the 
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CHAPTER VIII 

INVOLUTION 


77. Definition. 

If 0 be a point on a line on which lie pairs of points A, A t : 
yy, yy,; C, C x ; &c. such that 

OA . OA x — OB . OB x = OC . 0C\ = .= A\ 

(he pairs of points are said to be in Involution, 'Two associated 
points, such as A and A x , are called conjugates ; and sometimes 
each of two conjugates is called the ‘ mate’ of the other. 

The point 0 is called the Centre of the involution. 

_K_ 

0. B O C A K A, C, 


t 

1 


If /»*, the constant of the involution, be positive, then two 
conjugate points lie on the same side of O , and there will be 
two real points K y K on the line on opposite sides of O 
such that each is its own mate in the involution ; that is 
()]{- = OK' 2 = k. These points K and K' are called the double 
points of the involution. 

It is important to observe that K is not the mate of K '; 
that is why we write K' and not K x . 

It is clear that (AA Xy KK') = — 1, and so for all the pairs of 


points. 

If k be negative, two conjugate points will lie on opposite 
sides of 0, and the double points are now imaginary. 

If circles be described on AA X> BB Xy CC Xy &c. as diameters 
they will form a coaxal system, whose axis cuts the line on 
which the points lie in 0. 
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'^•<r.'lA"a,v, ll o 1 i lll i,i il! , I1 „; 11(aofl|l i soii .. 

ftlso that for ovorv n-n'r , 

to the other with f . C . ^ oin ts, each point is inverse 

»itl, .espcct t, tho e.rclo „„ ,; K „ ,|i, 

two T"" m " “"'I*"" 1 .'' ***.I » 

. 

rf** ** <**•*«*•*«»» 

involution ai>K lne " !:l V bolonj. to the uumo 

imJl/f 0 J°hc r'r;?;y a " d «««<»,•«„ ««< „ 

4 , A, ; m TJs 9 “ > *'"'»•"«' % 

(450^1,) = 0,7^6'^). 

FlrSt WG Wil1 shew th ^t this condition is necessary. 

i.» oeS":„u a feo c it;„t el ' ,n8 to thc i " v ' >iut ™' ; **» to 

• •• OA . OA, = OB . 0/A = 00.00, = 7-. 

• •• (ABC A,) = = (077 - OA ) (OA , - 00 ) 

" 4/1, • (:B COaT^OA ) (OB-UU) 



(JL _ k w 7 F 

Vo^i oa,; lo/ 7 , oo 


= (Oj i - 0/1 ,) ( 04 - 00,) 4, B C A 

(OA - OAMOS^OCT) = AXTorl = 0^,7'M). 


I / “ J 

thus the condition is necessary. 


«ivi A i„ m .”o proofof th “ ti “° remb « 

Next the above condition is sufficient. 

Fo >-let (47/04,) = (4,/AO,4) 

Ta": BB° thG mat ° ° f C ' in thG Elution determined by 

A. O. 

a 
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.\(ABCA X ) = (A X B X C'A). 

• *. (A x B l C l A) = (A l B l C'A). 

C x and C coincide. 

Hence the proposition is established. 

C°R. 1. I ( A, At; B, B x ; C, C x ; Z), Z), belong to the same 
in volution 

(ABCD) = (A x B l C l D l ). 

Cor. 2. If K, K' be the double points of* the involution 
(AA X KK') = (A , AKK ') and (ABKA l ) = {A l B l KA). 

79. We may prove the first part of the above theorem ;is 
follows. 

If the three pairs of points belong to the same involution, 
the circles on AA lt BB X , CC X as diameters will be coaxal (^77). 



Let P be a point of intersection of these circles. 

Then the angles APA l% BPB l% CPC X are right angles and 

therefore 

P ( ABCA x ) = P ( A X B X C\A ). 

(ABCA l ) = (A l B l C\A ). 

The circles may not cut in real points. But the proposition 
still holds on the principle of continuity adopted from Analysis. 

80. The proposition we have just proved is of the very 
greatest importance. 
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The criterion that three pairs of points helomj to the same 
olatwn is that a cross-ratio formed with three of the ,mints 
one taken Jromeach pair, and the mate of any one of the "h t 

»*tes o/tZ a four *"** h » "" 

It does not of course matter in what order we write .he 

Ulat the> ’ C ° ,TeSPOnd * *• cross-rati os. We 

(AA l CB) = (A l AC 1 B l ) 

° r (AA x C,B) = (A i ACB l ). 

All that is essential is that of the four letters used in the 

s-ratio, thre0 shouId f onn one letter of each pair. 

r^ein IZiJ. ^ *** >»'» . 

For \et A A t ; B, Bp, C, C\ be an involution and let the 
projections be denoted by corresponding small letters. 

A>*\ / i Y t /- a 


Then 

But 


and 


(AIJCAJ = ,A). 

(AJJCA,) — (abcctj) 

(A X B X C X A ) = (a 1 b lCl a). 

(«^ca 1 ) = (a 1 6 lCl a). 

• • a l ; b } b x ; c, c, form an involution. 


Note. The centre of an involution does not project into 
the centre of the involution obtained by projection; but the 

double points do project into double points. 

/ 82. Involution Pencil. 

„ ys W ’ *• th *‘ if « ■»« » P»cil consisting „f „f 

vp , VP’ ■ VQ, VQ '; VR, VR' Sic. 
such that any transversal cuts these in pairs of points 

A, A l ; B , B l \ C, C\ Szc. 

forming an involution, then every transversal will cut the pencil 

SO. 1 

Such a pencil will be called a Pencil in Involution or simply 
an Involution Pencil. _ 


> 

4 r 


6—2 
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The double Hues of the involution pencil are the lines through 
Y on which the double points of the involutions formed by 
different transversals lie. 

1 Note that the double lines are harmonic conjugates with 
jinny pair of conjugate rays. 

f From this fact it results that if VD and VD' be the double 
lines of an involution to which VA, VA X belong, then VD and 
VD' are a pair of conjugate lines for the involution whose double 
lines are VA , VA x . 


,83. We shall postpone until a later chapter, when we come 
to deal with Reciprocation, the involution properties of the 
quadrangle and quadrilateral, and pass now to those of the circle 
which are of great importance. We shall make considerable use 
of them when we come to treat of the Conic Sections. 


84. Involution properties of the circle. 

Prop. Pairs of points conjugate for a circle which lie (dong 
a line form a range in involution of which the double points ane 
the points of intersection of the line with the circle. 

Let P and Q be a pair of conjugate points on the line /. 
Let 0 be the pole of/. 

Q 


Thus OPQ is a sc If-conjugate triangle, and its orthocentre 
is at C, the centre of the circle (§ 16 a), ^ 

Let CK be the perpendicular from C on /. 

Then PK . KQ = KO . KC. 

KP . KQ = OK . KC. 
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So 

Ihus P and Q belong- to an involution whose centre is K 

and whose constant is 01C. KC. Its double points are thus 

real or imaginary according as PQ docs or does not cut the 
circle. 

If PQ cut the circle in A and B. then OK. KC = AM - = KB, 

thus we see that A and B are the double points of the involu- 
tion. 

It is obvious too that A and B must be the double points 
since each is its own coni iterate 

The following proposition, which is the reciprocal of the 
foregoing, is easily deduced from it. 

' ( Prop ' Pairs °f conjugate lines for a circle , which pass 
through a point form an involution pencil of which the double 
lines are the tangents from the point. 

For pairs of conjugate lines through a point 0 will meet the 

polar of 0 in pairs of conjugate points, which form an involution 

range, the double points of which are the points in which the 
polar of 0 cuts the circle. 

Hence the pairs of conjugate lines through O form an 

involution pencil, the double lines of which are the lines joining 

0 to the points in which its polar cuts the circle, that is the 
tangents from 0. 

If 0 be within the circle the double lines are not real 

/O ' | I / ' . - # ~ ‘ • ' . 

t ' l i / 

85. Orthogonal pencil in Involution. 

A special case of an involution pencil is that in which each 
of the pairs of lines contains a right angle. 

That such a pencil is in involution is clear from the second 

theorem of § 84, for pairs of lines at right angles at a point are , 

conjugate diameters for any circle having its centre at that \ 
point. 

/•■ - But we can a,so see that pairs of orthogonal lines VP, VP, ; 

.VQ, VQi &c. aie in involution, by taking any transversal t to 

pit these in A, A x ; B , B x &c. and drawing the perpendicular 
v 0 on to t ; then 

OA . 0A X = - 0V-=0B . OB 
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Thus the pairs of points belong to an involution with 
imaginary double points. 

Hence pairs of orthogonal lines at a point form a pe ncil in. 
involution with imaginary double lines. 

o %> 





Such an involution is called an orthogonal involution. 

Note that this property may give us a test whether three 
,pairs of lines through a point form an involution. If they can 
be projected so that the angles contained by each pair become 
right angles, they must be in involution. 


86. Prop. In even/ involution pencil there is one pair of 
rags mutually at right angles , nor can there he more than one 
such pair unless the involution pencil be an orthogonal one. 

Let P be the vertex of the pencil in involution. 

Take any transversal and let 0 be the centre of the 
involution range which the pencil makes on it, and let k be the 


constant of this involution. 


Join OP , and take a point P' in OP such that OP . OP' = k. 

Thus P and l y will be on the same or opposite sides of 0 
according as k is positive or negative. 

Bisect PP' in M and draw MC at right angles to PP to 
meet the line l in C. 

Describe a circle with centre C and radius CP or CP' to cut 
l in A and A t . 

The points A and A x are mates in the involution on l for 


OA . 0A X = OP . OP' = L 
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Also the angle A PA , being in a semicircle is a right angle. 

Hence the involution pencil has the pair of rays PA and PA , 

right angles. ' 




In the special case where U is the middle point of PP', 
C and 0 coincide. 

t In t ^ ie case where PO is perpendicular to L the line through 

'M, the middle point of PP\ perpendicular to PP' is parallel to 

L, and the point 0 is at infinity. In this case it is PO and the 

line through P parallel to l which are the pair of orthogonal 

I rays, for 0 and the point at infinity along l are mates of the 
/involution range on l. 

Ihus every involution pencil has one pair of orthogonal rays. 
If the pencil have more than one pair of rays at right angles, 
then all the pairs must be at right angles, since two pairs of 
niys completely determine an involution pencil. 

87. Prop. An involution pencil projects into a pencil in 

involution , and any involution can be projected into an orthogonal 
involution. 

For let the pairs of rays of an involution pencil at 0 in the 
p plane meet the line of intersection of the p and i t planes in 
A, Aj , B, B x ; C\ C\ &c. and let 0 be the projection of 0. 

I hen A y A x \ B y B x ; C\ C\ Szc. is an involution range. 

.’.0 (A, A x ; By Bp, C, C l &c.) is an involution. 

Again, as we can project two angles in the p plane into 
right angles, we may choose two angles between two pairs of 
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1 s of tin in\ olution to be so projected, Then the pencil in the 
projection must be an orthogonal one. 

It may be remarked too that at the same time that we 
project the involution pencil into an orthogonal one we can 
project any line to infinity (§ 43). 

Note. As an orthogonal involution has no real double 
lines, it is clear that if an involution pencil is to be projected 
into an orthogonal one, then the pencil thus projected should 
not have real double lines, if the projection is to be a real one. 

An involution pencil with real double lines can only be 
projected into an orthogonal one by means of an imaginarv 
vertex of projection. 

The reader will understand by comparing what is lu re 
stated with §43 that the two circles determining I r in that 
article do not intersect in real points, if the double points of the 
involution range which the involution pencil in the p plane 
intercepts on the vanishing line be real, as they are if the 
involution pencil have real double lines. 


/ EXERCISES 

1. Any transversal is cut by a system of coaxal circles in pairs 
of points which are in involution, and the double points of the 
involution are concyclic with the limiting points of the system of 
circles. 

2. If K f A" be the double points of an involution to which 
Ay A t ; By B x belong; then A, B x \ A n B\ A”, K' are in involution. 

3. If the double lines of a pencil in involution be at right 
angles, they must be the bisectors of the angles between each pair of 
conjugate rays. 

4. The corresponding sides BC, B'C' Ac. of two triangles ABC, 
A'B'C' in plane perspective intersect in Py Q f P respectively; and 
AA'y BB’y CC respectively intersect the line PQR in R, Q\ R. 
Prove that the range (PR, QQ\ PR) forms an involution. 
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EXEK( ISES (S <) 

i > 

.f 1 ' . Tl ’ e Cent, '° of tl,e ‘‘"'cmneirele of the triangle formed 1,\- the 
three diagonals of a quadrilateral lies on the radical axis of the 
system of circles on the three diagonals. 

6. Shew that if each of two pairs of opposite vertices of a 
quadrilateral is conjugate with regard to a circle, the third pair is 
a so; and that the circle is one of a coaxal system of which the line 
°t coll,near,ty of the middle points of the diagonals is the radical 

axis. ' , 

/ 7 The two pairs of tangents drawn from a point to two circles 

and the two lines joining the point to their centres of similitude 
tonn an involution. 

8. Prove that there are two points in the plane of a given 
nangle such that the distances of each from the vertices of the 
triangle are in a given ratio. Prove also that the line joining these 
points passes through the circumeentre of the triangle 




I , 
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CHAPTER IX 


• THE CONIC SECTIONS 

88. Definitions. The Conic Sections (or Conics, as they 
are frequently called) are the curves of conical, or vertical, pro¬ 
jection of a circle on to a plane other than its own. They are 
then the plane sections of a cone having a circular base. It is 
not necessary that the cone should be a right circular one, that 
is, that its vertex should lie on the line through the centre of 
the circular base and at right angles to it. So long as the cone 
has a circular base (and consequently too all its sections parallel 
to the base are circles), the sections of it are called conic sections. 


89. The conic sections are classified according to the relation 
of the vanishing line to the projected circle. If the vanishing 
line touches the circle, the curve of projection is called a 
parabola ; if the vanishing line does not meet the circle, the 
curve is called an ellipse ; and if the vanishing line cuts the 
circle the curve of projection is called a hyperbola. 

In 6ther words a parabola is the section of a cone, having a 
(circular base, by a plane parallel to a generating line of the 
cone. By a ‘generating line’ is meant a line joining the vertex 
of the cone to a point on the circumference of the circle which 
forms its base. 

An ellipse is a section of the cone by a plane such that the 
plane parallel to it through the vertex cuts the plane of the 
base in a line external to it. 

A hyperbola is a section of the cone by a plane such that the 
parallel plane through the vertex cuts the base of the cone. 
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The curves are illustrated by the following figure and it 
should be observed that the hyperbola consists of two branches, 
and that to obtain both these branches the cone must be pro¬ 
longed on both sides of its vertex. 



90. Focus and directrix property. 

Every conic section, or projection of a circle, possesses, as 
we shall presently shew, this property, namely that it is the locus 
of a point in a plane such that its distance from a fixed point in 
the plane bears to its distance from a fixed line, also in the 
plane, a constant ratio. r Ihe fixed point is called the focus of 
the conic, the fixed line is called the directrix , and the constant 


ratio the eccentricity. It will be proved later that the eccentricity 
is unity, less than unity, or greater than unity, according as the 
conic is a parabola, an ellipse, or a hyperbola. 
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91. Text books on Geometrical Conic Sections usually take 

* 

the focus and directrix property of the curves as the definition 
of them, and develop their properties therefrom, ignoring for 
the purpose of this development the fact that every conic 
section, even when defined by its focus and directrix property, 
is all the while the projection of some circle. This is to be 
regretted. For many of the properties which can only be 
evolved with great labour from the focus and directrix property 
are proved with great ease when the conics are regarded as the 
projections of a circle. We shall in the next chapter shew how 
easy it is to prove* that plane curves having the focus and 
directrix property are the projections of a circle. 

92. Projective properties. 

The conic sections, being the projections of a circle must 
possess all the projective properties of the circle. 

(1) They will be such that no straight line in their plane 
can meet them in more than two points, and from points which 
are the projections of such points in the plane of the circle as 
lie without the circle, two and only two tangents can be drawn, 
which will be the projection of the tangents to the circle. 

(2) The conic sections will clearly have the‘pole and polar 
property’ of the circle. That is, the locus of the intersections 
of tangents at the extremities of chords through a given point 
will be a line, the point and line being called in relation to one 
another pole and polar. The polar of a point from which tangents 
can be drawn to the curve will be the same as the line through 
the points of contact of the tangents. This line is often called 

‘ the chord of contact/ but strictly speaking the chord is only 
that portion of the line intercepted by the curve. The polar is 
unlimited in le ngth. 

(3) If the polar of a point A for a conic goes through B, 
then the polar of B must go through A. Two such points are 
called conjugate points. 

(4) Also if the pole of a line l lie on another line l\ the 
pole of l will lie on /, two such lines being called conjugate 
lines. 
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(5) The harmonic property of the pole and p„!ar which 
obtains for the circle must hold also for the conic sections since 
cioss-ratios are unaltered by projection. 

(6) As an involution range projects into a range also i„ 
involution, pairs of conjugate points for a conic which lie alo.m 
a me will form an involution range whose double points will be 
the points (if any) in which the line cuts the curve. 

(0 Similarly pairs of conjugate lines through a point will 

orm an involution pencil whose double lines are the tangents 
(it any) from the point. 

93. Circle projected into another circle. 

I he curve of projection of a circle is under certain conditions 
another circle. 

Prop. If i n the curve of projection of a circle the pair, of 
conjugate lines through the point P which is the projection of the 

pole oj the vanishing line form an orthogonal involution, then the 
ciove is a circle huviity its centre at P. 

For since the polar of P is the line at infinity, the tangents 

at the extremities of any chord through P meet at infinite. 

But since the involution pencil formed by the pairs of conjugate 

lines through P is an orthogonal one, these tangents must meet 

on a line through P perpendicular to the chord. Hence the 

tangents at the extremities of the chord are at right angles 
to it. ^ 

Thus the curve has the property that the tangent at every 
point of it is perpendicular to the radius joining the point to P. 
That is, the curve is a circle with P as centre. 

Cor. A circle can be projected into another circle with ana 
'point within it projected into the centre. 

h or we have only to project the polar of the point to infinity 

and the involution pencil formed by the conjugate lines through , 
it into an orthogonal involution. 

Note. The point to be projected into the centre needs to 

be within the circle if the projection is to be a real one (see 
Note to § 87). - 


.1 i. 1 ’It 

H. ;<<• -1 


f r 




t 
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94. Focus and directrix as pole and polar. 

Prop. If in the plane of the curve of projection of a circle 
there exist a point S such that the involution pencil formed by 
the conjugate lines through S is an orthogonal one , then S and 
its polar are focus and directrix for the curve. 

Let P and Q he any two points on the curve, and let the 
tangents at them meet in T. 



Join ST cutting PQ in P, and let PQ meet the polar of 
*S in F. Join SF, and draw PM, QN perpendicular to the polar 
of S. 


Then ST is the polar of F, for the polar of F goes through 
S since that of S goes through F, and it also goes through T 
since the polar of T goes through F. 

.*. SF and ST are conjugate lines. 

But by hypothesis the conjugate lines at S form an orthogonal 
involution. 

.-.TSF ls a right angle. 


And by the harmonic property of the pole and polar 

(FR t PQ) = - 1. 

.*. ST and SF are the bisectors of the angle PSQ (§ 72). 

SP : SQ = FP : FQ 

= PM : QH (by similar triangles). 

SP: PM = SQ : QiV. 
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Thus the ratio of the distance of points on tin* curve from 
S to their distance from the polar of S is constant, that is S and 
its polar are focus and directrix for the curve. 

Note. If the polar of S should happen to he the lineal 
^ * tin. curve of projection is a circle (§ 9d). 

We may here remark that the circle may he considered to 

have the focus and directrix property, the focus being at tin- 

centre, and the directrix the line at infinity. The eccentricitv 

is the ratio of the radius of the circle to the infinite distance of 

the points on the circle from the line at infinity. 

% 


95. Parallel chords. 

Before we go on to establish the focus and directrix property 

of the curves of projection of a circle, which we shall do by 

shewing that for all of them there exists at least one point S, 

the pairs of conjugate lines through which form an orthogonal 

involution, we will establish a very important general proposition 
about parallel chords. 


Prop. In any conic section for curve of projection of a circle) 
the locus of the middle points of a system of parallel chords is 

a, straight line , and the tangents at the points where this line meets 
the curve are parallel to the chords. 


Moreover the tangents at the extremities of each of the parallel 
chords will intersect on the line which is the locus of the middle 
points of the chords , and every line parallel to the chords and in 

the plane of the curve is conjugate with this line containi ng the 
middle points. 

Let QQ‘ be one of the chords of the system and M its middle 
point. 


The chords may be considered as concurrent in a point ]{ at 
infinity which is the projection of a point r on the vanishing 
line; and we have 

(QQ',MR) = - l. 

(gq\ mr) = - 1 , 

that is m is on the polar of r. 

r l hus as the locus of the points m is a line, that of the 
points M is so too. 
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Let P be a point in which this locus meets the curve, and 
let P be the projection of p, then as the tangent at p goes 
through r that at P must go through R ; that is the tangent at 
P is parallel to QQ'. 

Further as the tangents at q and q meet on the polar of r, 
those at Q and Q' will meet on the projection of the polar of r, 
that is on the line which is the locus of the middle points of 
the chords. 




Also every line through r will have its pole on the polar of r, 
and therefore every line through 7? in the plane of the conic 
will have its pole on the line PM, that is, every line parallel to 
the chords is conjugate with the locus of their middle points. 


In other words, the polar of every point on the line which 
is the locus of the middle points of a system of parallel chords 
is a line parallel to the chords. 


96. Focus and directrix property established. 

We are now in a position to establish the focus and directrix 

property of the conic sections, defined as the projections of a 

circle. We shall take the parabola, ellipse and hyperbola 

• • 

separately, and in each case prove a preliminary proposition 
respecting their axes of symmetry. 

Prop. A parabola (or the projection of a circle touched bp 
the vanishing line in its plane) has an axis of symmetry which 
meets the curve in two points one of which is at infinity . 
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Lot the vanishing line touch the circle in w. 

In the plane through V, the vertex of projection, an,I the 
'•unsung line draw Vr at right angles to Fa, meeting the 
\ antshtng hue in r. Draw the other tangent to the circle 



Now r is the pole of aw, and therefore if pp be anv chord 
which produced passes through r and which cuts oca in n then 

(pp, nr) = — I. 

’lhus, using corresponding capital letters in the projection, 
and remembering that rim will project into a right angle since 
subtends a right angle at F, we shall have a chord PP’ at 
right angles to AD and cutting it at i\ r so that 

(PP', NR) = - 1. 

But R is at infinity. PN = NP'. 

Thus all the chords perpendicular to AD are bisected by it, 

and the curve is therefore symmetrical about this line, which is 
called the axis of the parabola. 

The axis meets the curve in the point A, called the vertex, 
and in the point fi which is at infinity. 

As raw projects into a right angle (for ro> subtends a right 
angle at V) the tangent at A is at right angles to the axis. 

Finally the curve touches the line at infinity at D. 

97. Prop. A parabola, (or projection of a circle touched 
by the vanishing line) has the focus and directrix property , and 
the eccentricity of the curve is unity. 
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Let P he any point on the curve of projection. Let PNP' 
be the chord through P , perpendicular to the axis, and cutting 
it in N. 

The tangents at P and P' will intersect in a point T on the 
line of the axis (§ 95). 

Then as T is the pole of PP' 

(TN } An) = - 1 . 

. \ as 12 is at infinity, TA = A N. 

Now lot the tangent at P meet that at A in Y and draw 
rtf at right angles to PY to meet the axis in 8. 

The polar of 8 will be at right angles to the axis (§ 95). 
Let it be XM cutting the axis in A", the tangent at P in Z, and 
the line through P parallel to the axis in M. 

Join 8P , SZ. 



Now as #S» is the pole of XM 

( X8, AO.) = - 1. 

XA — AS, and as TA — AN we have TS = XN= MP. 

But TY : YP = TA : AN — 1, so that A TYS = A PYS, and 
TS = PS. 

Thus PS — PM, that is P is equidistant from S and the 
polar of 8. 
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c- n fr U ,! thei ' Slnce ST is e, l" il1 an<l parallel to PM and SP = J>M, 
Ml us a rhombus and PT bisects the angle SPM. 

Thus A SPZ = A MPZ, and z ZSP = z ZMP =V n ght z . 

Now ^ ^ the pole of .S7 J , for the polar of Z must go throiudi 

(smce that ol ^ goes through Z) and through P since Zi>\ 
a tangent at P. 

Hence SZ and SP are conjugate lines for the curve, and 

they are at right angles. So also are ST and the line through 
* at nght angles to it (§ 95). 

Therefore the involution pencil formed by the pairs of con¬ 
jugate lines through S is an orthogonal one. Thus S and its 

polar XM are focus and directrix for the curve (§ 9-i) and the 
eccentricity is SP : PM which is unity. 


98 \ Prop - The Projection of a circle not met bo the 
vanishing line in its plane is either a circle or a closed curve 

having two axes of symmetry, mutually perpendicular, on which 
are intercepted by the carve chords of unequal length 



Let c be the pole of the vanishing line. 

Let pp' be any chord through c of the circle. 

Then pp' is divided harmonically at c and its intersection 
with the polar of c. 


M 
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Using corresponding capital letters in the projection, we shall 
have that the chord PP through C is divided harmonically at 
C and its intersection with the polar of C, which is the line at 
infinity. PC=CP\ 

Thus every chord through C is bisected at C. For this 
reason the point C is called the centre of the curve, and the 
chords through it are called diameters. 


I lu* tangents at the extremities of any diameter are parallel, 
for the tangents at the extremities of chords of the circle 
through c meet in the polar of c, which is the vanishing line. 

* O 

first suppose that the involution pencil formed by the pail's 
of conjugate lines through C is an orthogonal one; then the 
curve is a circle (§ 93). 

Next suppose that the involution pencil is notan orthogonal 
one ; then there must be one and only one pair of conjugate 
lines through C mutually at right angles (§ 86). 

Let the curve intercept on these lines chords AA' and BB\ 

Ihaw the chords PQ and PR perpendicular to AA’ and BB' 
respectively cutting them in lY and M, and let f2 and H' be the 
points at infinity on the lines of AA' and BB'. 

Then as IT is the pole of A A', and PQ passes through O', 

(PQ y Nn f )=-i. 

PiV = NQ. 

Similarly PM = MR.. 

Thus the curve is symmetrical about each of the two lines 
AC A', BOB', which are called the a.res. 


We shall now shew that A A' and BB’ cannot be equal. 

Let the tangents at A and B meet in K, then CAKB is a 
rectangle, and CK bisects AB. 

But CK bisects the chord through C parallel to AB, for 
every chord through C is bisected at C. 

Hence CK and the line through C parallel to AB are con¬ 
jugate lines (§ 95). 
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But these lines would be at right angles if CA = CB. And 
thus if CA and CB were equal the involution pencil formed by 

the pairs of conjugate lines through C would be an orthogonal 

one; which is contrary to hypothesis. 



Hence A A' and BB' cannot be equal. 

We shall suppose A A' to be the greater of the two. Then 
AA is called the major axis and BB the minor axis. 


99. Prop. An ellipse (or curve of projection , other than a 

circle, of a circle not met by the vanishing line in its plane) has 

the focus and directrix property and the eccentricity of the curve 
is less than unity. 

Assuming that the projection is not a circle we have as 
shewn in § 98 two axes of symmetry A A', BB' of which A A' is 
the greater. 

With centre B and radius equal to CA describe a circle 
cutting the major axis in S and S'. 

The polars of S and S' are perpendicular to A A' (§ 95). 

Let these be XF and X'F', cutting A A' in X and X' and 
the tangent at B in F and F . 

Now since the polar of S goes through F, that of F goes 

through S ; but the polar of F goes through B , since FB is a 
tangent. 

.'. SB is the polar of F, and SF, SB are conjugate lines. 

We will shew that they are mutually at right angles. 
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Since S is the pole of XF 

(AA\ SX) = - 1. 

CN. C'A r = CA 

Now draw SK parallel to CB to meet BF inj/i. 

Then BK . KF = CS . SX = CS(CX - CS) 

= CA- - CS - 
= £ 77 -’ - 

is a right angle. 

o o 



Thus we have two pairs of conjugate lines through S mutually 
at right angles, namely SF and SB, as also SX and SK (§ 95) 
so that the involution pencil formed by the conjugate lines at S 
is an orthogonal one. 

S and its polar XF are focus and directrix for the curve 

(§ 04 ). 

Similarly S' and its polar X'F' are focus and directrix. 

The eccentricity = SB: BF= CA : CX which is less than 
unity. 

Note too that as CS . CX = CA-, the eccentricity = CS: CA. 

Note. We see now how a circle may be regarded as the 
limiting case of an ellipse whose two foci S and S' coincide with 
its centre, and its directrix is the line at infinity (see Note to § 94). 


100. Prop. A hyperbola (or projection of a circle which is 
cut by the vanishing line) has two a.res of symmetry mutually at 
right angles , only one of which cuts the curve. 
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Lot the vanishing line cut the circle in co and *>'. and let 
be the pole of the line. 

Let pp be any chord the line of which passes through c. 

Lhen pp is divided harmonically at c and its intersection 
with coco'. 

Using corresponding capital letters in the projection, wo 
shall have that the chord PP' through C is divided harmonically 
at. C and its intersection with the polar of C which is the line 
at infinity. PC = CP’. 



thus every chord through (J in the curve of projection is 
bisected at C, which is therefore called the centre of the curve, 
and the chords through C arc called diameters. 

• Let it be observed that not every line through C meets the 

curve, since in the plane of the circle there are lines through c 
which do not meet it. 

Of each pair of conjugate lines through c only one will meet 
the circle, for coy and ceo are the double lines of the involution 
formed by these conjugate lines. 

Further the involution pencil formed by the conjugate lines 
through C cannot be an orthogonal one, since it has real double 
lines, namely the projection of cco and ca>\ 

Ihus there will be one and only one pair of conjugate lines 
through C mutually at right angles (§ 86). 
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Let this pair be C A and CB, of which the former is the one 
that meets the curve, namely in A and A'. 

Note that the curve of projection will have two tangents, 
from C whose points of contact fl and O' the projections of a, 
and *>' are at infinity. These tangents are called asymptotes. 

Since Cfl and Cfl' are the double lines of the involution 
pencil formed by the conjugate lines through C 

C(flfl\ AB) = -1 (§82). 

since (A and CB are at right angles, they are the bisectors 
of the angles between Cfl and Cfl' (§ 72). 

lo prove that the curve is symmetrical about CA and CB 
we draw chords PQ, PR perpendicular to them and cutting 
them in A and M . Let Z and Z' be the points at infinity along 

the lines CA and CB. Then since Z' is the pole of A A'and PQ 
passes through Z\ 

(PQ> NZj = — 1. 

. •. PX = XQ. 

Similarly PM = MR. 

Ihus the curve has two axes of symmetry mutually at right 
angles, one of which meets the curve, and the other not. A A' 
which meets t he curve is called the transverse and CB is 
called the conjugate axis. 

Note. At present B is not a definite point on the line CB. 
We shall find it convenient later on to make it definite; the 
point to be emphasised is that the transverse axis does not cut 
the curve, and we cannot determine points B and B' on it as 
these points are determined in the case of the ellipse. 

101. Prop. A hyperbola (or curve of projection of a circle 
cut by the vanishing line) has the focus and directrix property , 
and the eccentricity is greater than unity. 

Using the notation of the preceding article, we describe a 
circle with centre C , and radius CA cutting Cfl in K and L\ 
and Cfl in X and P, as in the figure. 

1 lie lines KL and K'P' will be perpendicular to the trans- 
\eise axis, since, as we have seen, CA bisects the angle flCil'. 
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tho pok** of these linos, which wo will denote bv.S'and .S', 
U1 10 ° n of the transverse axis 

We will now shew that .S’ and its polar KL are focus and 
directrix, as are also S' and K'L'. 

Let KL and K'L' cut .1.1' in X and A". 

I hen by the harmonic property of the pole and polar 

(AA\SX ) = - l, 

• •• CS.CX =CA^CK\ 

C'KS is a right angle. 

Now the polar of K must go through S, since that of .S'goes 

through A. Moreover the polar of K goes through Cl, since KD 
is a tangent at Cl. 

ljnes '' Sn is the P olar of K. that is SK and SCI are conjugate 

But n being at infinity .S'.Q is parallel to 1C Cl, that is .S’O is 
perpendicular to SK. 



Thus we have two pairs of conjugate lines through >S', 
mutually at right angles, namely SO, and SK, and SC and the 
line through S at right angles to SC (§ 95). 


Hence^ the pencil formed by the pairs of conjugate 
through S is an orthogonal one, and therefore S and its 
A AT are focus and directrix for the curve. 


1 i n es 
polar 
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Similarly S and A L' are focus and directrix. 

The eccentricity is the ratio 

NH : perpendicular from H on KL 
= A n : the same 

= ( K : C A = CA : ('X which is greater than unity 

Note too that as CS.CX = CA the eccentricity also = CS:CA 

We might have obtained the eccentricity thus: 

* 

It is the ratio SA :AX 


CS - CA 

CS . cx 

CA (CA ■ 
CA : CX. 


CA - CX 

CA . CX : CX (CA - CX) 
CX): CX (CA - CX) 


102. Central and non-central conics. Diameters. 

Wo haw soen that the ellipse and hyperbola have each a 
centre, that is a point such that every chord passing through 
the same is bisected by it. Ellipses and hyperbolas then are 
classified together as central conics. The parabola has no centre 
and is called non-central. 

We have proved in § 95 that the locus of the middle points 
of a system of parallel chords is a straight line. Clearly in the 
case of the central conics this line must go through the centre, 
f<»r the diameter parallel to the chords is bisected at that point. 

In the case of the parabola, the line which is the locus of the 
middle points of a system of parallel chords is parallel to the axis. 
For such a system is the projection of chords of the circle con¬ 
current at a point ron the vanishing line; and the polar of r, 
which projects into the locus of the middle points of the system of 
chords, passes through eo the point of contact of the circle with 
the vanishing line. Thus the locus of the middle points of the 
system of parallel chords of the parabola passes through fi, that 
is, the line is parallel to the axis. 

All lines then in the plane of a parabola and parallel to its 
axis will bisect each a system of parallel chords. These lines 
are conveniently called diameters of the parabola. They are not 
diameters in the same sense in which the diameters of a central 
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conic arc, for they arc not limited in length and bisected at a 
definite point. 


103. Ordinates of diameters. 

The parallel chords of a conic bisected bv a particular 
diameter are called double ordmates of that diameter, and the 
half chord is called an ordinate of the diameter. 

The ordinates of a diameter are as we have seen parallel to 
the tangents at the point or points in which the diameter meets 
the curve. 


The ordinates of an axis of a conic are perpendicular to that 


axis. 


The ordinates of the axis of a parabola, of the major axis of 
an ellipse, and of the transverse axis of a hyperbola are often 
called simply ‘ordinates’ without specifying that whereto they 
are ordinates. Thus the ordinate of a point P on a parabola, 
ellipse or hyperbola must be understood to mean the perpendicular 

PN on the axis, the major axis, or the transverse axis, as the 
case may be. 

Note. When we speak of the axis of a conic there can be 

no ambiguity in the case of a parabola, but in the case of the 

ellipse and hyperbola, which have two axes of symmetry, there 

would be ambiguity unless we determined beforehand which 

axis was meant. Let it then be understood that by the axis of 

%/ 

a conic will be meant that one on which the foci lie. 

104. Ihe contents of the present chapter are of great 
importance for a right understanding of the conic sections. 
The student should now have a good general idea of the form 
of the curves, and, as it were, see them whole, realising that 
they have been obtained by projecting a circle from one plane 
on to another. We shall in the next chapter set forth properties 
which all conics have in common, and in subsequent chapters 
treat of the parabola, ellipse and hyperbola separately, shewing 
the special properties which each curve has. 
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CHAPTER X 


PROPERTIES COMMON TO ALL CONICS 


105. Proposition. If the fine (produced if necessary) 

joining two points F ami (J of a conic meet a directrix in F, and 

S he the corresponding focns, SF will bisect one of the angles 
between SF and S(J. 



Lor, diawing 1 M and (Jli perpendicular to the directrix we 

have, if e be the eccentricity, 

% 

SP : PM = e = SQ : QR, 

SP: SQ = PM : QR 

— FP : FQ (by similar As FQR, FPM). 



ion 
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in figs 1 and 3, SF bisects the exterior angle <.f PSQ. and 
in fig. 2 it bisects the angle PSQ itself. 



We see then that SF bisects the exterior angle of PSQ, it 
I and Q be on the same branch of the curve, and the angle 
I&Q itself if P and Q be on opposite branches 


106. Prop. If the tangent to a conic at a point P meet a 

directrix in Z and S be the corresponding focus, ZSP is a right 
angle. 


Ihis is easily seen from the following considerations: 

Ihe focus and directrix are ‘pole and polar’ for the conic, 
therefore the tangents at the extremities of a focal chord PSQ 
will meet at Z in the directrix, and Z will be the pole of PQ. 



Thus SZ and SP are conjugate lines, since the pole of' SP 
lies on SZ. 
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But, the pairs of conjugate lines through a focus are at right 
angles. Therefore ZSP is a right angle. 

But as we are going to prove in the next article that every 
plane curve having the focus and directrix property is the 
projection of some circle, we will give another proof of the 
proposition dependent only on this property. 

Regard the tangent at P as the limiting case of the line of 
the chord PP' when P' is very close to P. 

Now it PP' meet the directrix in F, SF bisects the exterior 
angle of PSP (§ 105) for 7 J and P' are on the same branch. 

And the nearer P' approaches P, the more does this exterior 
angle approximate to two right angles. 

1 hus z ZSP == the limit of FSP' when P' approaches P 

= a right angle. 



It should be observed that 
this second proof yields also the 
result that tangents at the ex¬ 
tremities of a focal chord intersect 
in the directrix, since the tangent 
at either end of the chord PSQ 
is determined by drawing SZ at 
right angles to the chord to meet 
the directrix in Z\ then ZP, ZQ 
are the tangents. 


107. In tin* preceding chapter we defined the conic sections 
as the curves of projection of a circle and shewed that they have 
the focus and directrix property. We shall now establish the 
converse proposition. 

Prop. Evertj plane curve having the focus and directrix 
property is the projection of some circle. 

For we have shewn in the second part of § 10b that a curve 
having the focus and directrix property is such that tangents at 
the extremities of any chord through >S\ the focus, intersect on 
the directrix on a line through S perpendicular to the chord. 
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Now project so that the directrix is the vanishing line: and 
so that the orthogonal involution at aS projects into another 
orthogonal involution (§ 87). 

Then the curve of projection has the property that the 
tangents at the extremities of every chord through .v, the pro¬ 
jection of S, meet at infinity on a line through s perpendicular 
to the chord. 


Hence the tangent at each point of the curve is at right 
angles to the radius joining the point to 5, and therefore the 
curve is a circle with s as centre. 


108. It follows of course from what we have established 
in the preceding chapter that if the curve having the focus 
and directrix property had its eccentricity unity then the circle 
into which it has been projected must touch the vanishing line 
in the plane of the circle; if the eccentricity be less than unity 
then the circle does not meet the vanishing line; if the eccen¬ 
tricity be greater than unity the circle is cut by the vanishing 
line. 


109. Pair of tangents. 

Prop. If a pair of tangents TP, TQ be drawn to a conic 
from a point*? and S be a focus, then SP and SQ make equal 
angles with &'T, and if PQ meet the corresponding directrix in F 
Z TSF is a right angle. 



Let TS meet PQ in R. 
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Since PQ is the polar of T , and this goes through F , the 
polar of F must go through T. 

But since F is on the directrix the polar of F must go 
through S. 

Thus ST is the polar of F. 

Hence SF and ST are conjugate lines, and as they are 
through a focus, they must be at right angles. 

Further (PQ,FR) = — 1. 

S(PQ } FR) = - 1. 


Thus SJi and SF are the bisectors of the angles between 
SP and SQ (§ 72). 



Note. It will be seen that if the points of contact of the 
tangents from T lie on t he same branch of the curve NT bisects 
the angle PSQ, but if they are on different branches then ST 
bisects the exterior angle of PSQ. 

The figures given do not shew the case where TP and TQ 
both touch the branch remote from S. The student can easily 
represent this in a figure of his own. 

110. The above proposition gives a simple construction for 
drawing two tangents to a conic from an external point T. 
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Join ST and let it meet the conic in K and K'. The figure 
of' the preceding article can be utilised. Take li in KK such 
that (TR, ICK') = — 1 (§ 70, Cor. 2). 

Draw SF at right angles to ST to meet the directrix in F 
Draw the line FR and let it cut the conic in P and Q. 

Then TP and TQ are the tangents. 

For as ST and SF are at right angles and through a focus, 
they are conjugate lines. 

the pole of ST lies on ST. 

But the pole of ST is on the directrix. 

• . is the pole of ST, that is, the polar of F goes through T. 
the polar of T goes through F. 

But the polar of T goes through R since {TR, KK') = — i 

Thus the line FR is the polar of T, that is, PQ is the chord of 
contact of the tangents from T. 

111. The- Normal. 

Def. The line through the point of contact of a tangent 


and at right angles to it is called the normal at that point. 

Prop. If the normal at P to any conic meet the axis in G 

and S be a focus of the conic then SG=e.SP, where e is the 
eccentricity. 


Let the tangent at P meet the directrix correspond urn 
S in Z. h 


to 



Draw PM perpendicular to the directrix. 

Then since PM is parallel to the axis, Z MPS = Z PSG 


/ 




A. G. 


8 
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Also since PMZ anil PSZ are right angles, PSZM is cyclic 
and Z SMP = Z SZP = complement of Z SPZ = Z SPG. 

Thus the As SPG, PMS are similar and 

SG : SP = PS: PM = e : . \ SG = e. SP. 

The student can make for himself a figure shewing the case 
where P is on the branch of a hyperbola remote from S. In 
this case it will be found 

Z SMP = 1 -SO 0 - z SZP 

= 90° + Z SPZ = z SPG. 

So that the As SPG and PMS are still similar. 

112. The latus rectum. 

Def. The focal chord perpendicular to the axis on which 
the focus lies is called the lotus rectum of the conic. 

Thus the latus rectum is the double ordinate through the 
focus to the axis 103). 

Prop. The semi-lotus rectum of a conic is a harmonic mean 
between the segments of any focal chord. 

Let SL be the semi-latus rectum, and PSQ any focal chord. 

Draw PM and QR perpendicular to the directrix, and PX 
and QK perpendicular to the axis. 

Then SP : PM = e = SL : SX 

= SQ : QR. 

And by similar triangles 

SP : SQ = SX: ICS 

= A X - XS : XS - XK (Fig. 1) 

= MP - XS : XS - RQ 
= e (MP - XS): e ( XS - RQ) 

= SP - SL : SL - SQ. 

.'. SP, SL and SQ are in harmonic progression and 


1 


1 


SP + SQ SL ' 


This proposition requires some modification it P and Q are 
on opposite branches. We now have 
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SP:SQ = NS: XS = XS - XX : XX + XS ( Fig. 

= e (XS - MP) : e (QK + XS) ° 
= SL — SP : SQ + SL. 


2 ) 




Fig. 1. 

. •. SP (SQ + SL) = SQ (SL - SP), 

. •. SQ. SL - SP . SL = 2 SP. SQ, 

1 1 2 
’ ' SP SQ ~ SL ' 

Thus in this case it is SP, SL and - SQ that are in h.p. 

Cor. The rectangle contained by tlie segments of any focal 
chord varies as the length of the chord. 



J_ + 1 = 1 

SP ± SQ SL 


) 


according as P and Q be on the same or opposite branches (P 
being on the branch adjacent to S), and in both cases we have 

PQ _ 2 

SP . SQ SL > 

SP . SQ = ^lxPQ, 
that is SP . SQ oc PQ. 


If SP and SQ are in opposite directions P and Q lie on the 
same branch of the curve, and if they are in the same direction, 
P and Q lie on opposite branches. 


113. Prop. Any conic can be jpvojected into a circle with 
any point in the plane of the conic projected into the centre of the 
circle. 
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For let P be any point in the plane of the conic. 

j/ Take the polar of P for the vanishing line and project so 
(that the involution pencil formed by the pairs of conjugate 
1 lines through P projects into an orthogonal involution (§ 87); 
.then exactly as in § 93 we can prove that the curve of projec¬ 
tion is a circle. 


NY>te. In order that the projection may be a real one, the 
tangents from P to the conic must not be real (Note to § 87), 
that is P must lie within the conic. 


Carnot’s theorem. 

114. Prop. If a conic cut the sides of a trianyle ABC in 
.3 1 . A ,; Jf , B ,; ( \ , C, ; then 

A If . A B ,. CA x . CA ,. BC X . BC 2 


= A C\ . .1 C ,. BA ,. BA ,. CB X . CB 2 . 



Project the conic into a circle; and denote the points in the 
projection by corresponding small letters. 

Then since ab } . ab. 2 = ac,. ac 

ca x . ca 2 = cb x . cb 2 , 
bc x . 6c a = ba x . ba 2 , 

.*. ab x . ab 2 . cu x . au . bc x . be, = ac x . ac?. ba x . ba *. cb x . cb 2 . 

the triangle formed by the lines a x b. 2> b x c 2% c x a.i is in per¬ 
spective with the triangle ubc (§ 68). 
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the triangle formed by the lines A x B., t B X C ,, C\A 2 is in 
perspective with the triangle ABC. 

by § 68 

AB,. AB,. CA X . CA,. BC\ . 7*C, 

= -4^.-4 C 2 .BA,. BA,. CB X . CB,. 

Newton’s theorem. 

115. Prop. If 0 be a variable point in the plane of a conic , 
and PQ , RS be chords in fixed directions through 0, then 

OP.OQ . 

OR OS 7S consia,,f - 



Let O' be any other point and through O' draw the chords 
PQ\ RS' parallel respectively to PQ and RS. 

Let QP, Q'P' meet in co at infinity and SR, S'R' in Cl. 


Let P’Qf and RS meet in T. 

Now apply Carnot’s theorem to the triangle uOT and get 

coP.coQ.OR. OS. TP'. TQ' 


coP'. coQ'. TR . TS. OP.OQ 


= 1 


coP 


G)Q 


coP 


/ == 1 and 

coQ 


but 
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TP'. TQ _OP.OQ 
TR.TS “ OR .OS’ 


Next apply Carnot’s theorem to the triangle CITO’ and get 


n R . ns. TP . TQ '. OR'. O'S' 

hr . ns' .o'p'. or/. trTts 



TP '. TQ' _ O P '. or/ 
TR . TS ~ OR'. O' S' ’ 


% Hence 


that is, 


OPF)Q 
OR. OS 


OP. OQ O'P'. O'Q' 
OR. OS ~ O'R '. O'S' ’ 

is constant. 


This proposition is known as Newton’s theorem. 

Note. In applying Newton’s theorem it must be remem¬ 
bered that the lines OP, OQ, See. have sign as well as magnitude. 
It OP and OQ are opposite in direction, they have opposite sign 
and so for OR and OS. 


116. Newton’s theorem is of great importance, as we shall 
see in later chapters, where considerable use will be made of it. 
We give some propositions illustrating its use. 

Prop. If two chords (fa conic PP' and QQ' intersect in 0 , 
the ratio OP . 0l y : OQ. OQ’ is equal to that of the lengths of the 
focal chords parallel to Pl y and QQ'. 

Let the focal chords parallel to Pl y and QQ' be pSp and 

Then by Newton’s theorem 

OP . 01 y : OQ. OQ' = Sp. Sp : Sq. Sf 

= pp : qq (§ 112 Cor.). 

In the special case where 0 is the centre of the conic we 
have OP' = - OP and OQ' = - OQ. 

OP 2 : 0Q‘ = pp : qq'. 

Note. We have already explained that in using Newton’s 
theorem, the signs of the segments of the line are to be considered. 

If OP. OP' and OQ. OQ' have opposite signs so also will 
Sp. Sp and Sq.Sq' have opposite signs. This only happens in 
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the case of the hyperbola, and when one of the four points />, p 
and q, q lies on the opposite branch to the other three. Then 
one of the focal chords pp , qq will join two points on opposite 
branches and the other will join two points on the same branch. 

If we make the convention that a negative value be attached 
to the length of a focal chord if it joins two points on opposite 
branches otherwise it is to count positive the relation 

OP . OP': OQ . OQ' = pp : qq 

is algebraically as well as numerically correct. 

So also it is true, with the same convention as to sign, that if 
CP, CQ be the semidiameters parallel to the focal chords, pp, qq 

PP : c l ( l = CP 2 : CQ 2 . 

And from this we see that of the two diameters r parallel to 
two focal chords, one of which joins two points on the same 
branch and the other two points on opposite branches, only one 
can meet the curve in real points for the ratio CP 2 : CQ 2 has now 
a negative value. 

117. Prop. If OP and OQ be two tangents to a conic then 
OP 2 : OQ 2 is equal to the ratio of the focal chords parallel re¬ 
spectively to OP and OQ. 

Let the focal chords be pSp , qSq '. Then regarding OP as 
meeting the curve in two coincident points P, and OQ similarly, 
we have by Newton’s theorem 

OP .OP iOQ.OQ = Sp . Sp ': Sq . Sf , 

.*. OP 2 : OQ 2 = pp : qq . 

Whence we see that the focal chords have the same sign. **" 

It is clear too that the ratio of the tangents from a point to 
a central conic is equal to that of the diameters parallel to them. 

118. Prop. If a circle cut a conic in four points the chords 
joining their joints of intersection in pairs are equally inclined 
to the axis. 

Let the conic and circle intersect in the four points P, Q, P’> Q . 

Let PP' and QQ intersect in 0. 

Draw focal chords pSp, qSq parallel to PP' and QQ. 
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Then, by Newton’s theorem 

OP . OP' : OQ . OQ■ = Up . Sp : Sq . Sq 

=pp • qq'- 

But from the circle 

OP . OF = OQ . OQ', 

PP = qq and Sp.Sp=Sq.Sq. 

ihus the paiallel focal chords have the same sign, their 
lengths are equal and the rectangles contained by their seg¬ 
ments are equal. 

These chords must then be symmetrically placed and make 
oqii^I angles with the axis. Thus PP' and QQ', parallel to them, 
make equal angles with the axis. 

( ok. If a circle touch a conic at one point and cut it at 

two others, the tangent at the point of’ contact and the chord 
• • • » # 

joining the two points of intersection make equal .angles with 
the axis. 

Circle of curvature. 

119. An infinite number of circles can be drawn to touch a 
conic at a given point P, such circles having their centres along 
the normal at the point. These circles will in general cut the 
conic in two other points, but in the special case where one of 
those other two points coincides with the point of contact P the 
circle is called the circle of curvature at P. This circle may be 
regarded as the limiting case of the circle passing through P 
and through two points on the conic consecutive to P, so that 
the conic and the circle have two consecutive tangents in 
common. They have then the same rate of curvature at that 
point. The subject of curvature properly belongs to the 
Differential Calculus, but it seems desirable to give here the 
principal properties of the circles of curvature of conics. Ac¬ 
cordingly we shall at the end of the chapters on the parabola, 
ellipse, and hyperbola add a proposition relating to the circles 
of curvature for these curves. It is clear from § 118 that if the 
circle of curvature at a point P of a conic cut the conic again 
in Q then PQ and the tangent at P are equally inclined to the 
axis. For the tangent at P and the chord PQ are the common 
chords of the circle and the conic. 
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Ihe following figure illustrates the circle of curvature at a 
point of a conic. 



, Self-Polar Triangle. 

119a. Prop. If a conic pass through the four points of 

a quadrangle , the diagonal or harmonic triangle is self-polar 

with regard to the conic—that is, each vertex is the pole of the 
opposite side. 


P 



Let A BCD be the quadrangle; PQB the diagonal or har¬ 
monic triangle. 

Let PQ cut AD and BC in X and Y. 
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Then (AD, A'#) = -l, 

the polar of JR goes through X (§ 92 (5)) 
and (BC, YR) = - 1, 

the polar of R goes through Y. 

PQ is the polar of R. 

Similarly QR is the polar of P , and PR of Q. 

Thus the proposition is proved. 

Another way of stating this proposition would be to say 
that the diagonal points when taken in pairs are conjugate for 
the conic. 

The triangle PQR is also called self-conjugate with regard 
to the conic. 


EXERCISES 


1. Given a conic and a focus and corresponding directrix of it, 
shew how to draw the tangent at any point. 


2. Given two points on a conic and a directrix, shew that the 
locus of the corresponding focus is a circle. 


3. POP and QOtf are two chords of a conic intersecting in O , 
prove that PQ ami PQ' meet on the polar of O. 

[Project the conic into a circle and 0 into the centre.] 

4. If the tangent at the end of a latus rectum LSL‘ meet the 
tangent at the nearer vertex A in T then TA = AS. 


5. If the tangent at any point P of a conic meet a directrix in 
p and the latus rectum through the corresponding focus in D then 
SD :SF = the eccentricity. 


(>. If the normal at P to a conic meet the axis in G, and GL 
be perpendicular to the focal radius SP, then PL = the semi-latus 
rectum. 


7. If PSP' be a focal chord and Q any point on the conic and 
if PQ and PQ meet the directrix corresponding to the focus S in 
F and F\ FSF' is a right angle. 
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S. If a conic touch the sides opposite to A, />, 
ABC in D, E y F respectively then AD, BE, ('F 
[Use £ HI.] 


C of a triangle 
arc concurrent. 


9. By means of Newton’s theorem prove that if PN be the 
oidinate of a point P on a parabola whose vertex is .1. then PX ~: .l„V 
is independent of the position of P on the curve. 


10. Conics are drawn through two fixed points D and E, and 

are such that DE subtends a constant angle at a focus of them; 

shew that the line joining this focus to the pole of DE passes through 
a fixed point. 


11. The polar of any point with respect to a 
directrix on the diameter which bisects the focal 
through the point and the corresponding focus. 


conic meets a 
chord drawn 


12. Prove that the line joining a focus of a conic to that 
point in the corresponding directrix at which a diameter bisecting 
a system of parallel chords meets it is perpendicular to the chords. 

[Use §§ 95 and 106.] 

13. P and Q are two points on a conic, and the diameters 

bisecting the chords parallel respectively to the tangents at P and Q 

meet a directrix in M and .V; shew that MX subtends at the 

corresponding focus an angle equal to that between the tangents at 
P and Q. n 


14. Given a focus and the corresponding directrix of a variable 

conic, shew that the polar of a given point passes through a fixed 
point. 


lo. Gi\en a focus and two points of a variable conic, prove that 

the corresponding directrix must pass through one or other of two 
fixed points. 

16. If two conics have a common focus, a chord common to the 
two conics will pass through the point of intersection of the corre¬ 
sponding directrices. 

17. If B be anj' point on the tangent at a point P of a conic of 
which B is a focus, and if TM be the perpendicular to SP, and 
IN the perpendicular on the directrix corresponding to E, then 
EM \ TN —e. (Adams’ theorem.) 

18. Given a focus of a conic atid a chord through that focus, 
prove that the locus of the extremities of the corresponding latus 
rectum is a circle. 
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19. If TP and TQ be two tangents to a conic prove that the 
portion of a tangent parallel to PQ intercepted between TP and TQ 
is bisected at the point of contact. 

20. A diameter of a conic meets the curve in P and bisects the 
chord QR which is a normal at Q, shew that the diameter through 
Q bisects the chord through P which is a normal at P. 


21. PQ is a chord of a conic cutting the axis in K, and T is 
the pole of PQ-, the diameter bisecting PQ meets a directrix in Z 
and 6’ is the corresponding focus; prove that TS is parallel to ZK. 

22. If . IA , /} II t CC be chords of a conic concurrent at O. and 
1 any point on the conic, then the points of intersection of the 
straight lines BC , PA of CA, PB\ and of AB, PC' lie on a straight 
line through 0. 

[Project to infinity the line joining 0 to the point of intersection 
of A B, PC’ and the conic into a circle.] 

’2-V A, B, C\ D are four points on a conic; AB , CD meet in E; 
AC and BD in F; and the tangents at A and D in G\ prove that 
F, Fy G are col linear. 

[Project AD and BC into parallel lines and the conic into a 
circle.] 


21. If a conic be inscribed in a quadrilateral, the line joining 
two of the points of contact will pass through one of the angular 
points of the triangle formed by the diagonals of the quadrilateral. 


2.). Prove Pascal s theorem, that if a hexagon be inscribed in a 
conic the pairs of opposite sides meet in three collinear points. 

[Project the conic into a circle so that the line joining the points 
of intersection of two pairs of opposite sides is projected to infinity.] 


2G. A is a fixed point in the plane of a conic, and P any point 
on the polar of A. The tangents from P to the conic meet a given 
line in Q and B. Shew that All, PQ , and AQ, PR intersect on a 
fixed line. 


(Project the conic into a circle having the projection of A for 
centre.] 


27. A system of conics touch AB and AC at B and C. D is a 
fixed point, and BD , CD meet one of the conics in P, Q. Shew that 
PQ meets BC in a fixed point. 

2S. If a conic pass through the points A f B , (7, D t the points of • 
intersection of AC and BD, of AB and CD , of the tangents at B and 
C\ and of the tangents at A aud D are collinear. 
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29. 1 hrough a fixed point A on a conic two fixed 
A I, A I' are drawn, S and S' are two fixed points and 
point on the conic ; PS, PS' meet. A /, A I' in Q, (/ 
shew that QQ' passes through a fixed point. 


straight lines 
P a variable 
respectively, 


30. If a conic cut the sides PC, CA, AB of a triangle ABC in 

B x B 2 , C\C o, and AA X , BB X , CC\ are concurrent, then will 
AA 2 , BB. 2 , CC\ be concurrent. 


31. When a triangle is self-conjugate for a conic, two and only 
two of its sides cut the curve in real points. 

32. Prove that of two conjugate diameters of a hyperbola, one 
and only one can cut the curve in real points. 

[Two conjugate diameters and the line at infinity form a self¬ 
conjugate triangle.] 


33. Given four points .S’, A, B, C, shew that in general four 
conics can be drawn through A, B, C having S as focus; and that 
three of the conics are hyperbolas with A, B, C not on the same 
branch, while the remaining conic may be an ellipse, a parabola or 
a hyperbola having A, B, C on the same branch. 


34. Prove that a circle can be projected into a parabola with 
any given point within the circle projected into the focus. 

35. Prove that a circle can be projected into an ellipse with 

two given points within the circle projected into the centre and a 
focus of the ellipse. 


36. Prove that a circle can be projected into a hyperbola with 
a given point P within the circle and another given point Q without 
it projected respectively into a focus and the centre of the hyperbola. 


CHAPTER XI 

THE PARABOLA 


120. 1 Ik* form of the parabola has already been indicated 

in §5 06 and !>7. In this chapter we shall develop the special 
properties <>f the curve. Throughout A will stand for the vertex, 
8 for the focus, A” for the intersection of the directrix with the 
axis, and fl for the point at infinity along the axis, at which point, 
as we have seen, the parabola touches the line at infinity. 

Prop. The lotus rectum = 4 AS. 



Let LSL be the lat-us rectum. Draw LM perpendicular to 
the directrix. f l hen LL — 2LS = '21/M = '28 A = 4AN. 


121. Prop. If PN he the ordinate of the point P, then 

PN>= 4 AS. AN. 

Let PA meet the parabola again in P , and let LSL be the 
latus rectum. 

Then by Newtons theorem (§ 115), 

NP . XP ': SL . S L ' = NA . XCi : SA . Sn 

= XA : SA 

since H is at infinity. 
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••• PW s :S£r=AN':AS; 

■'■ PN-: 4 AS* = AN: AS ;] 
• •• PP 2 = iAS. AN. 



oa J^ S P r °P° sition "' iU later on be seen to be only a special 
case erf a more general theorem. 


122. The preceding proposition shews that a parabola is 
the locusts point m a plane such that the square of its dis- 
Unce from a me l varies as its distance from a perpendicular 

he on t i r ■“ aX1S ' the tangent at the v «rtex, and 
the constant of variation is the length of the latus rectum. 

of the ? et TT thG P T b ° la we oughfc t0 know °n which side 
of the line l the point lies. If it may lie on either side then 

the locus is two parabolas, each of which is got from the other 

by rotating the figure about the tangent at the vertex through 
two right angles. ^ 


123. Tangent and Normal. 

„ n(| P ™ P - K . th , e tangent and n^mal at P meet the axis in 1 
and G respectively, and PN be the ordinate of P, 

(1) TA = AN, 

(2) NG=2AS. 

1 he first of these properties has been already proved in 8 97 
w„ have *e„ that if PS m «t u,, ourvo i„ V \ ho 

tangent, „ P p. meet on th „ , ine „ f ^ ^ 



128 


THE PARABOLA 


intersect in T. Then by the harmonic property of the pole and 
polar ( TN , AH) = — 1 ; 

TA=AN 



Also since TPG is a right angle 

PN* = TN . NG = 2 AN. NG. 

But PN 2 = 4AS. AN (§ 121), 

NG = 2AS. 

Def. NG is called the subnormal of the point P. Thus in 
a parabola the subnormal is constant. 

124. Prop. The tangent at any point of a parabola makes 
equal angles with the axis and the focal distance of the point. 



Let the tangent at P meet the directrix in Z , and the axis 
in T. Draw PM perpendicular to the directrix. 
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1 ,3 W 1 . since SP = PJ/ > ^ is common to the As SPZ 
Ml Z which have the angles at M and $ right angles, 

.-.A SPZ = A MPZ 
and z SPT = z TPM = z S 77 J . 

Cor. If the normal at P meet the axis G then 

SG = SP = ST. 

and T stp ST=SP f0ll °' VS fr ° m tHe e 'l ualit ^ of the angles SPT 


Further the complements of these angles must be equal; 

ZSPG= ZSGP; 

SG = SP. 

We note that the equality of SG and SP in a parabola 
follows from the fact that for any conic SG = e . SP (§ 111) 

125. Prop. The foot of the perpendicular Y from the 

focus on to the tangent at any point P of a parabola lies on the 
tangent at the vertex and SY~ = S A .SP. 


1 he first part of this proposition is implicitly proved in § 97 
We can also prove it thus: 

Let the tangent at P meet the axis in T. Since ST — SP 
SY will bisect TP. 



But if PN be the ordinate of P, TA = AN. 

AY is parallel to NP, that is A Y is the tangent at the 
vertex. 


a. o. 


9 
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Further as SYT is a right angle and YA perpendicular to 

ST, S Y- = SA . ST = SA . SR 

Cor. 1. z SPY = zSYA. 

Cor. 2. If the locus of the foot of the perpendicular from 
a fixed point on a variable line be a straight line, then the 
variable line touches a parabola having its focus at the fixed 
point. 

Def. When a line moves in a plane so as always to touch 
a certain curve, the curve is called the envelope of the line. 

Pair of Tangents. 

126. Prop. Tangents to a parabola at the e>ctrenaties of a 
focal chord intersect at right angles in the directi'ix. 

That they intersect in the directrix we know already, since 
the focus and directrix are pole and polar. 

Let RSQ be a focal chord, and let the tangents meet in the 
directrix in Z. Draw PM and QF perpendicular to the directrix. 



Then as we have seen in $ 124 

A SPZ = A MPZ, 

. Z SZP = Z MZP. 

Z SZQ = z FZQ. 

Z QZP = h of two right Z s 
= a right angle. 


Similarly 

Thus 
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127. Prop. If TP and TQ be two tangents to a parabola , 
the triangles SPT, STQ are similar. 

know alread y that the angles PST, TSQ are equal 

\N 1 v/J ), 

Let the tangents at P and Q meet the tangent at the vertex 
in Fand Z, then SFFand SZT are right angles (8 125). 

Then Z SPY = ^ SYA (§ 125) 

= ^ STZ since SZYT is cyclic. 



Thus 

the remaining angle STP = z SQT and the triangles SPT 
and STQ are similar. 

Cor. 1. ST* = SP . SQ 

for SP : ST = ST: SQ. 

Cor. 2. TP 2 : TQ- = SP: SQ 

for TP*: TQ* = A SPT : A STQ 

= SP. ST: ST. SQ 

since z PST = z TSQ 

= SP: SQ. 

128. Prop. The exterior angle between two tangents to a 

pa? abola is equal to half the angle which their chord of contact 
subtends at the focus. 


2 
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Let the tangents at P and Q meet in T, and let them meet 
the axis in F and K respectively. 



Then z FTK = z SKQ - z SFP 

= z SQK - z SPT 

= 2 right angles — Z SQT — Z SPT 
= 2 right angles — Z STP — z SPT 
= z TSP 
= i z PSQ. 


129. Parabola escribed to a triangle. 

When the sides of a triangle are tangents to a parabola, the 
triangle is said to circumscribe the parabola. But it must be 
clearly understood that the triangle does not enclose the parabola, 
for no finite triangle can enclose a parabola, which is infinite in 
extent. When a triangle circumscribes a parabola, the parabola 
is really escribed to it, that is, it touches one side of the triangle 
and the other two sides produced. Only triangles which have 
the line at infinity for one of their sides can enclose the parabola, 
and in the strict sense of the word be said to circumscribe it. 
It is convenient however to extend the meaning of the word 
‘circumscribe’ and to understand by a triangle circumscribing 
a conic a triangle whose sides touch the conic whether the 
triangle encloses the conic or not. 

130. Prop. The circumcircle of the triangle formed by three 
tangents to a parabola passes through the focus. 
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Understanding the word ‘circumscribe’as explained in § 120 
we may state this proposition thus: 

If a triangle circumscribe a parabola its circumcircle goes 
through the focus. 


This can be seen from the fact that the feet of the perpen¬ 
diculars from the focus on the three sides of the triangle which 

touch the parabola are collinear, lying as they do on the tangent 
at A. *■ ° 


S lies on the circumcircle of the triangle (§ 7). 

Or we may prove the proposition in another way: 

Let the tangents at P, Q, R form the triangle TLM as in the 
figure. 



Then as A SPL is similar to ASLR, Z SLR = z SPL. 

And as ASPT is similar to ASTQ, z STQ = z SPT. 

Z SLM = z STM, 

that is, SLTM is cyclic, or S lies on the circle through T, L and M. 

Cor. The orthocentre of a triangle circumscribing a parabola 
lies on the directrix . 

For if PLM be the triangle, the line joining S to the ortho- 
centre is bisected by the tangent at the vertex, which is, as we 
have seen, the pedal line of 3 (§ 8). 

the orthocentre must lie on the directrix. 
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131. Prop. If the tangents at P and Q to a parabola meet 
in T y and a third tangent at R cut them in L and M, the triangle 
*S LM is similar to the triangles SPT and STQ y and 

PL : LT= TM: MQ = LR : RM. 

l>v the preceding proposition S lies on the circumcircle of 
TLM. 

z SML = z STL 

and z SLM = Z SPT from the similar As SPL, SLR. 

ASLM is similar to A SPT and therefore also to A STQ. 

Further A SLR is similar to A STM for zSLM= Z STM y 
and Z SRL = z SLP 

= 180° - z SLT = z SMT. 

LR: TM = SR: SM 

= MR : MQ (by similar As SRM, SMQ). 

LR : RM = TM : MQ. 



Similarly MR : RL = TL : LP. 

Hence PL : LT = TM : MQ = LR : RM. 

132. Diameters. 

We have already explained in § 102 what is meant by 
diameters of a parabola. Every line parallel to the axis is a 
diameter, and every diameter bisects a system of parallel chords. 
It must be remembered too that the tangents at the extremities 
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<>1 each of the parallel chords bisected by a diameter intersect 
on that diameter ($ 95). 


Prop. If IQ and TQ' be tangents to a parabola , and TV be 
the diameter bisecting QQ' in V and cutting the curve in P then 

TP = P V. 



For PV being parallel to the axis goes through D. 

Thus by the harmonic property of the pole and polar 

(TV, PD.) = — 1, 

TP = PV. 

Note that TA = AN (§ 123) is only a special case of this. 

133. Prop. The length of amj focal chord of a parabola 
i s four times the distance of the focus from the point where the 
diameter bisecting the chord meets the curve. 

Let RSR be any focal chord, PV the diameter which bisects 
it in V. 

Let the tangents at R and R ' meet in Z. Then Z is both 
on the directrix and on the line of the diameter PV. Also 
ZP = PV (§ 132). 

But ZSV is a right angle (§ 106). 

SP = PV= ZP. 

Now draw RM and R'M' perpendicular to the directrix. 
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Then 21 Z = RM 4 - R'M' since V is the middle point of RR' 

= RS+SR' = RR'; 

RR' = 4PV = 4SP. 



A focal chord bisected by a particular diameter is called the 
parameter of the diameter which bisects the chord. Thus RR 
is the parameter of the diameter PV, and we have proved it 
i equal to 4SP. In particular the latus rectum is the parameter 
of the axis, and we proved it equal to 4 SA. 


4 • % 


134. Prop. If QV be an ordinate of a diameter PV then. 

Q V 2 = 4 SP . P V. 

Produce the ordinate QV to meet the curve again in Q\ 

QV=VQ\ 

4 

* Draw the focal chord RSR' parallel to the chord QQ . RR' 
will be bisected by PV in U (say). 


The diameter PV meets the curve again in H at an infinity, 
thus by Newton’s theorem 

VQ • VQ' : VP. Vn = UR. UR': UP . Ufl; 

VQ . VQ': UR . UR' = VP . VQ.: UP . UQ= VP : UP. 

Q V*: RU 2 = PV: PU ; 
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' * PV ~ PU ~ ~SP 

= 4*S7 J . 

Qr* = 45P.pr. 



It will be .seen that the property PX- = ±AS . A N of § 121 
is only a special case of the general proposition just proved. 

135. The preceding proposition shews that a parabola may 
be regarded as the locus of a point in a plane such that the 
square of its distance from a fixed line l varies as its distance 
from another fixed line V not necessarily at right angles to l. 
I he line l is a diameter of the parabola and l' is a tangent at 
the point where l and V intersect. 

If a be the angle which QV makes with the axis in S 134 
QV= perp. from Q on PV x cosec a 
and PV — perp. from Q on tangent at P x cosec a ; 

.*. (Perp. from Q on PV)- x cosec 2 a 

= 4?SP x perp. from Q on tangent at P x cosec a. 

. _( Perp . from Q on PV) 2 

* Perp. from Q on tangent at P = sin a = 

wheie & Y is the perpendicular from S on the tangent at P. 
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Thus if a point move in a plane so that the square of its 
distance from a line l is k times its distance from another line l\ 
k being constant, the locus of the point is a parabola having its 
axis parallel to l. The focus lies in a line parallel to V and 
/*• 

distant 7 from it, and it also lies in a line through the intersec¬ 
tion of / and 1' and making with l the same angle that l makes 
with it. I he line / is the tangent to the parabola at its point 
of intersection with /. 

As already explained in § 122 if the lines l and T are at 
right angles l is the axis itself and V the tangent at the vertex. 


136. Circle of curvature. 

W «* have explained in § 119 what we mean by the circle of 
curvature at any point of a conic. We shall now shew how the 
circle of curvature at any point of a parabola can be determined. 


The centre of the circle of curvature at P lies on the normal 
at P, if then we can find the length of the chord through P of 
this circle in any direction, the length of the diameter of the 
circle can be found bv drawing a line through the other extremity 
of this chord and perpendicular to it to meet the normal in D, 
then PD will be the diameter of the circle of curvature. 


Prop. The chords of the circle of curvature parallel to the 
axis and through the focus at any point P of a parabola = 4SP. 

It is clear that these two chords must be equal for they make 
equal angles with the tangent at P. 

Now consider a circle touching the parabola at P and 
it again at a near point Q. Draw the diameter of the parabola 
through Q and let it meet the circle again in K and the tangent 
at P in R. Draw Q V the ordinate to the diameter P V. 

Then from the circle we have 


cutting 


RQ.RK=RP *; 

- RK =*m- g /v=* sp - <§ m > 
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Now in the limit when Q moves up to and ultimately coin¬ 
cides with P, RK becomes the chord of the circle of curvature 
through P parallel to the axis. 

Hence this chord is of length 4SP. 



Cor. The diameter of the circle of curvature at P = ~gy-, 

where SY is the perpendicular on the tangent. For 

4 SP , . , . 

Diameter ~ C ° S ' ^ between normal and axis) 

= sin ( Z between tangent and axis) 

= sin ( z between tangent and SP) 

_SY 

SP’ 

Note. The diameter of the circle of curvature is commonly 
called the diameter of curvature, and the chords of the circle of 
curvature through P are called simply chords of curvature. 
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EXERCISES 


1. PSP is a focal chord of a parabola, /CV and P X' ordinates 
to tlie axis, prove 

PN . P'N' = 4 A S- = 4 A X . A X'. 

2. A series of parabolas touch a given line and have a common 
focus, prove that their vertices lie on a circle. 

3. If a straight line rotate about a point in a plane containing 
the line the directions of motion of each point in it at a given 
moment are tangents to a parabola. 

4. The ordinates of points on a parabola are divided in a given 
ratio, prove that the locus of the points dividing them is another 
parabola. 

The locus of the middle points of focal chords of a parabola 
is also a parabola, whose latus rectum is half that of the original 
parabola. 

0. If QV be an ordinate of the diameter PV and QD be perpen¬ 
dicular to the diameter QD %i - 4J»S'. PV. 

7. If the normal at P to a parabola meet the axis in G then 

PG-=\AS. SP. 


8. PQ % PR are two chords of a parabola; PQ meets the diameter 
through R in the point P and PE meets the diameter through Q 
in E ; prove that EE is parallel to the tangent at P. 

[Project the parabola into a circle with E projected into the 
centre.] 

9. If a circle touch a parabola at P and cut it at Q and A’, the 
diameters through Q and R will meet the circle again in points on a 
line parallel to the tangent at P. 

[Use §116 Cor.] 

10. If TP and TQ be two fixed tangents to a parabola, and 
a variable tangent cut them in L and M respectively the ratios 
PL : TM and TL : QM are equal and constant. 

11. If two tangents TP and TQ to a pumbola be cut by a third 
tangent in L and M respectively then 

TL TM 
TP + TQ 
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12. If the normal at P to a parabola meet 11 le curve again in 
Q and PJV be the ordinate of P , and T the pole of PQ, 

PQ.PT— Py: A N. 

13. If the tangent at P meet the directrix in Zand the latus 
rectum produced in D , then SD = SZ. 


1 anc ^ PQ ar ^ tangents to a parabola, and the diameters 

through P and Q meet any line drawn through T in M and N\ prove 

2 f M* = TN- = TP . TQ. 

15. If T be any point on the tangent at P to a parabola and 
the diameter through T meet the curve in Q, then 

RP 2 =4SP. RQ. 

16. If the chord PQ which is normal at P to a parabola 
subtends a right angle at S, then SQ = 2 SP. 

17. If PN and P'N' be two ordinates of a parabola such that 
the circle on NN' as diameter touches the parabola, then 

NP + N’P' = NN\ 


18. TP and TQ are two tangents to a parabola, and PK and 
QL are drawn perpendicular respectively to TQ and TP, prove that 
the triangles STK and STL are equal. 

19. TP and TP' are tangents to a parabola, and the diameter 
through T cuts the curve in Q. If PQ, P'Q cut TP', TP respec¬ 
tively in R and R ', and the diameters through R and W cut the 
curve in V, V respectively, prove that P V, P'V' intersect on TQ. 

[Project the parabola into a circle and the line through T parallel 
to PP' to infinity.] 


20. Prove that no circle described on a chord of a parabola as 
diameter can meet the directrix unless the chord be a focal chord, 
and then the circle touches the directrix. 


21. If IP and T(J be a pair of tangents to a parabola and the 
chord PQ be normal at P, then TP is bisected by the directrix. 

22. The triangle ABC circumscribes a parabola having S as 
focus, prove that the lines through A, B , C perpendicular to SA , SB, 
SC respectively are concurrent. 


23. The tangents to a parabola at P and P' intersect in Q; the 
circles circumscribing the triangles SPQ, SPQ' meet the axis again 
in R and R . Prove that PR and QR' are parallel. 
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24. A given triangle ABC moves in a plane, with one side AB 
passing through a tixcd point, and with the vertex ^4 on a given 
straight line. Shew that the side AC will envelop a parabola. 


25. Shew that the envelope of a line which moves so as to 
intercept equal chords on two given circles is a parabola having the 
radical axis of the two given circles as the tangent at its vertex. 


2b. A line meets a parabola in P and p on the same side of the 
axis. AQ is drawn parallel to Pp to meet the curve again in Q. 
Prove that the ordinate of (J is equal to the sum of the ordinates 
of P and p. 


27. The distance of the point of intersection of two tangents to 
a parabola from the axis is half the sum of the ordinates of their 
points of contact. 

28. If LL' be the latus rectum of a parabola and the tangent 
at any point P meet that at L in J r , then SL. LP = VL . VL\ 

29. A circle touches a parabola at a point P , and passes through 
the focus S. Shew that the parabola meets the circle again or not 
according as the latus rectum is or is not less than SP. 

30. Q(/ is the normal at Q to a parabola meeting the parabola 
again in Q\ QP is equally inclined to the axis with the normal and 
meets the curve again in P\ V is the middle point of QQ\ and 
PV meets the axis in R\ shew that Q&PB lie on a circle, £ being 
the focus. 

31. Two parabolas with equal latus rectum are on the same axis, 
and are such that the part of any tangent to one which is cutoff by 
the other is equal to the perpendicular upon this tangent from the 
focus of the first parabola. Shew that the latus rectum of each is 
sixty-four times the distance between the vertices. 

32. A circle touches a parabola at both ends of a double ordinate 
PP' to the axis. The normal at P meets the circle in R and the 
parabola in Q. The diameter of the parabola through Q meets PP' 
in L\ Prove that the circle (jRU touches PP at U. 

33. EF is a double ordinate of the axis of a parabola, R any 
point on it, and the diameter through R meets the curve in P; the 
tangent at P intersects in M and A the diameters through E and F. 
Prove that PR is a mean proportional between EM and FE. 

34. If a parabola roll on another equal parabola, the vertices 
being originally in contact, its focus will trace out the directrix of 
the fixed parabola. 
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35. If P be any point on a parabola whose vertex is ( . UH J 
PR perpendicular to AP meet the axis R, a circ le whose cJntre is 
It and radius JtP wili pass through the ends of tin* ordinate to the 
parabola through It. Also if common tangents be drawn to the 
circie and parabola the ordinates at the points where they touch the 
parabola will be tangents to the circle. 

36. Through any point on a parabola two chords are drawn 

equally inclined to the tangent there. Shew that their lengths are 

proportional to the portions of their diameters bisected between 
them and the curve. 

37. TQ , TR, tangents to a parabola, meet the tangent at P in 
Y and and TU is drawn parallel to the axis, meeting the parabola 
in l' Prove that the tangent at U passes through the middle point 

^ and that, if R be the focus, 

YZ- = YSP . TU. 

38. PQ is a normal chord of a parabola meeting the axis in O. 
Prove that the distance of G from the vertex, the ordinates of P 
and Q, and the latus rectum are four proportionals. 

39. Lines are drawn through the focus of a parabola to cut the 

tangents to it at a constant angle. Prove that the locus of their 
intersection is a straight line. 

40. The radius of curvature at an extremity of the latus rectum 
of a parabola is equal to twice the normal. 

41. The diameter at either extremity of the latus rectum of 

a parabola passes through the centre of curvature at its other 
extremity. 

42. If the tangent at any point P of a parabola meet tl.e axis 
in T, and the circle of curvature meet the curve in (J then 

PQ = APT. 


43. If li be the middle point of the radius of curvature at P 
on a parabola, PR subtends a right angle at the focus. 

44. The tangent from any point of a parabola to the circle of 
curvature at its vertex is equal to the abscissa of the point. 

45. The chord of curvature through the vertex A at any point 

4 PY* J 1 

P of a parabola is , Y being the foot of the perpendicular from 

the focus on the tangent at P. 
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CHAPTER XII 

THE ELLIPSE 

137. We have already in §§ 98 and 99 indicated the general 
form of the ellipse, shewing that it has two axes of symmetry 
at right angles to one another and intersecting in C the centre. 
On the major axis A A' are two foci S and S\ at a distance equal 
to CA from B and B' the ends of the minor axis, and to these 
foci correspond directrices at right angles to A A'and cutting 
it externally in A” and X' so that CS:CA = CA :CX — e, the 
eccentricity. It is convenient to call A and A', the ends of the 
major axis, the vertices of the el 1 ipse. 

It will he understood that the smaller is the ratio CS: CA 
the more does the ellipse approximate to circular form, and the 
greater CS : CA is without reaching unity the more does the 
ellipse flatten out. 

We have always 

CS 2 = CA - - CB- 

so that, keeping CA constant, CB diminishes as CS increases, 
and vice versa. And we have already explained that a circle 
may be regarded as the limiting case of an ellipse whose two 
foci coincide with the centre. 

We now proceed to establish the chief geometrical properties 
which all ellipses have in common. 

138. Sum of focal distances constant. 

Prop. 77/e sum of the focal distances of any point on an 
ellipse is constant and equal to AA\ 
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tVl . Let ; P u be a " y P° int ° n an eili P s ^ the perpendicular 

thiough P to the directrices as in the figure. 



Then 

Coil 

common) 


SP = e . PM and S'P = e . PM'; 

SP + S'P = e (MP + PM') = e . XX' 

= 2e.C'X = 2CA = AA'. 

Two confocal ellipses (that is, which have both foci in 
cannot intersect. 


139. The proposition just proved shews that an ellipse inav 

be regarded as the locus in a plane of a point the sum of whose 

distances from two fixed points in the plane is constant. And 

we learn that an ellipse can be drawn by tying the ends of a 

piece of string to two pins stuck in the paper so that the string 

is not tight, and then holding the string tight by means of the 

pencil pressed against it, and allowing the point of the pencil 

to make its mark in all possible positions thus determined. 

By keeping the string the same length and changing the 

distance between the pins we can draw ellipses all having the 

same major axis but having different eccentricities. It will be 

seen that the nearer the pins are together the more does the 
ellipse approximate to circular form. 


140. Tangent and Normal. 

Prop. The tangent and normal at any point of an ellipse 

Insect respectively the exterior and interior angles between the 
focal distances of the point . 
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Let the tangent and normal at P meet the major axis in 
T and G respectively. 



Then by § 1 11 SG = e . SP, and S'G = e . S'P. 

SG:GS' = SP:PS'; 

PG bisects the angle SPS'; 

PT which is at right angles to PG must bisect the 
exterior angle of SPS'. 

Cor. CG.CT=CS 2 

for since PG and PT are the bisectors of the angles between 
SP and S'P, 

(GT, SS')=-1 . 

Prop. 

141. //* ST, ST perpendiculars from the foci on 

the tangent at any point P of an ellipse, Y and V' lie on the 
circle described on the major axis A A' as diameter, and 

SY.S'Y' = PC * 

Produce ST to meet S'P in K. 

Then A SPY = AKPY 

for z SPY = Z KPY (§140) 

Z SYP = z KYP being right angles and PT is common. 

.*. PK = SP and KY= SY, 

.*. KS' = KP + PS' = SP + PS' = A A' (§ 1:38). 

Now since T and G are the middle points of SK and SS', 
CY is parallel to S’K and CY — $S'K = CA. 
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Thus Y (and similarly 1") lies on the circle on A A' as 
diameter. 

Moreover as Y'YS is a right angle, YS will meet the circle 

again in a point Z such that Y’Z will be a diameter, that is, 
y Z goes through C. 



And A CSZ = A CS' Y' so that SZ = S'Y’. 

SY.S'Y' =SY. SZ = AS. SA' = CA 2 — CS »= BC\ 

Cor. 1. The diameter parallel to the tangent at P will 
meet SP and S'P in points E and E‘ such that PE = PE' = AC. 

For PYCE’ is a parallelogram. PE' = CY = AC and 
similarly PE=AC . 

Coil 2. The envelope of a line such that the foot of the 
perpendicular on it from a fixed point ,S Y lies on a fixed circle, 
which has S within it, is an ellipse having .S' for a focus. 

Cor. 3. The envelope of a line such that the product of 
the peipendiculars on it from two fixed points, lying on the 

same side of it, is constant is an ellipse having the fixed points 
for its foci. 


Def. I he circle on the major axis of an ellipse as diameter 
is called the auxiliary circle. 

142. Prop. If 1Q and TQ' be a pair of tangents to an 
ellipse whose centre is C, and CT meet QQ' in V and the curve 
in P, CV.CT=CP\ 


10—2 
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For let PC meet the ellipse again in P\ Then as T and 
QQ' are pole and polar, (TV, PP') = — i. 

as C is the middle point of PP\ CV . CT= CP 2 . 


T 



143. The preceding proposition is an important one and 
includes the following as a special case: 

If the tangent at P meet the major and minor axes in T and t, 
and PN, PM be the ordinates to these cures then 


ON . CT = CA 2 , 
CM . Ct = CB\ 



For I is the intersection of the tangents at P and at the 
point where PN again meets the curve, and t is the intersection 
of the tangents at P and at the point where PM again meets 
the curve. 
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144. Prop. If the normal at any point P on an ellipse 

meet the major and minor axes in G and g, and the diameter 

parallel to the tangent at P in F, then PF. PG = BC- and 
PF. Pg = A G-. 

Draw the ordinates PN and PM to the axes and let these 

meet the diameter parallel to the tangent at P in K and L as 
in the figure. 


t 



Let the tangent at P meet the major and minor axes in 
T and t. 

Then NKFG is cyclic since N and F are right angles. 

PF.PG = PN.PK=CM.Ct = BC\ 

Also gFML is cyclic since F and M are right angles. 

PF. Pg = PM . PL = CN . CT = CA 

144a. Prop. If the normal at P on an ellipse meet the 
major axis in G, and PN be the ordinate to this axis , CG = e~ . CN. 

Let the tangent at P meet the major axis in T. 

We have already proved in §140 Cor. that CG .CT= CS\ 

But CN. CT — CA 2 ; 

CG:CN=CS*:CA* = e *; 

CG = e 2 . CN. 

Cor. NG : NC = J3C 2 : AC-. 

For as CG : CN = CS -: CA\ 

. •. CN - CG : CN = CA - - CS *: CA 1 

= BC *: AC*. 
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144b. Pair of tangents. 


Prop. The two tangents drawn from an external point to 
an ellipse make equal angles with the focal distances of the point 

Let TP and 'IQ be the tangents; it is required to prove 

z PTS= z STQ. 1 


Draw SYS'Y' perpendicular to TP , and SZ and S'Z' per¬ 
pendicular to TQ. 


Then SY.S' Y'= BC- = SZ.SZ' (§ 141); 




:SZ = SZ': 




AJsoz YSZ — supplement of z YTZ (since SYTZ is cyclic) 

= Z ) S Z (since Y'TZ'S' is cyclic), 
the As $1^ and S'Z'Y' are similar, and Z SZ Y = z S'Y'Z'. 


But zSZY = 


Z STY in the same segment and 

z 1 Z = z S TZ in the same segment 

.*. z ST Y - S’TZ’. 


145. Director Circle. 

Prop. The locus of points, from which the tangents to an 
ellipse are at right angles , is a circle (called the director circle 
of the ellipse). 

Let TP and TQ be two tangents at right angles. 

Draw SY perpendicular to TP to meet S'P in K. 

Then by § 141, SY = YK and S'K = A A '. 
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Also ASYT= A KYT, for 8Y= A'Fand YT is common and 
the angles at Y are right angles. 

ST=KT and z KTP = z STP = z QTS' (§ 144 b). 

• ’* ^ KTS = Z PTQ = a right angle. 


T 



Now 2CT 2 -f 2(7£ 2 = *ST 2 -f T 2 (§ 10) 

= KT* + S'7 72 
- 7GS' 2 
= 4(M 2 . 


• ♦ 


CT 2 = 2 CM 2 - CW* = 2 CA 2 - (CA- - CB*) = CM 2 + (7£ 2 . 

■Thus the locus of T is a circle round C, the square of whose 
radius is CM 2 + CB 2 . 


146. Conjugate Diameters. 

.The student is already familiar with the idea of conjugate 
lines of a conic, two lines being called conjugate when each 
contains the pole of the other. When a pair of conjugate lines 
meet in the centre of an ellipse, each being a diameter it is 
convenient to call them conjugate diameters. It is clear that 
they are such that the tangents at the points where either 
meets the curve are parallel to the other. Moreover all the 
chords which are parallel to one of two conjugate diameters 
are bisected by the other (§ 95), and these chords are double 
ordinates of the diameter which thus bisects them. The axes 
of the ellipse are that particular pair of conjugate diameters 
which are mutually at right angles. 
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147. Prop. If QV be an ordinate of the diameter POP ' 
of an ellipse, and DCD' he the diameter conjugate to CP 

QV 2 : PV. VP' = CD-: CP*. 



For, producing QV to meet the ellipse again in Q\ by 
Newton’s theorem we have 

V Q ■ VQ': VP . VP' = C'D. CD : CP. CP'. 

But VQ' = _ VQ. CD' = - Cl). CP'= - CP, 

■ QV-: PI’. VP' = CD-: CP*. 

■ ntf j PeC ‘ al Cil8 ° S ° f the P le °eding proposition are these: 

Y,. , PM le 0rdl,,ates "f the major and minor axes of an 

ellipse then 

PN •: A X . X A' = BC *: A C\ 

PM 2 : PM. MB'= AC*: BC*. 


B 



B’ 


9 Z)/ 1\2 

Cok. The latus rectum =- 

AC 
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For if SL be the semi-latus rectum 

SL -: AS . SA' = BC *: A C* and AS . SA' = BC*. 

149. These properties in § 148 shew that an ellipse may be 
regarded as the locus of a point in a plane such that the square 
of its distance from a fixed line l in the plane bears a constant 
ratio to the product of its distances from two other fixed lines 
V and Z", perpendicular to the former and on opposite sides of 

the point. 

The line l is one of the axes of the ellipse, and the lines l and 
l" are the tangents at the ends of the other axis. 

The property established in § 14-7 shews that an ellipse may 
also be regarded as the locus of a point in a plane such that the 
square of its distance from a fixed line l in the plane, bears a 
constant ratio to the product of its distances from two other 
fixed lines V and l" which are parallel to each other (but not 
necessarily perpendicular to /), and on opposite sides of the 
point. The line l is a diameter of the ellipse and the lines l 
and l" are the tangents at the points where l meets the cur\e. 

For the student can easily prove for himself that in the 
notation of § 147 

QF 2 : PV. VP' = square of perpendicular from Q on PP' 

: product of perpendiculars from Q on tangents at Q and Q . 

Auxiliary Circle. 

150. Prop. If P be any point on an ellipse and PN the 
ordinate of the major axis, and if NP meet the auxiliary circle 

in p, then 

NP : Np = BC: AC. 

For by § 148 

PN* : AN. NA' = BC”: A C n - 

and as Z ApA' being in a semicircle is a right angle 

pN* — AN. NA'; 

... PN : pN = BC : AC. 

P and p are said to be corresponding points on the ellipse 
and the auxiliary circle. The tangents at two corresponding 
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points will meet the line of the major axis in the same point. 
For let the tangent at P meet it in T, then CN . CT= CA- 

(§ 143). 


T is the pole of pX for the circle, that is, the tangent at 
p goes through T. 



'I'he student can prove for himself by the same method that 
if an ordinate PM to the minor axis meet the circle on BP' as 
diameter in p' then 

PM.p'M = AC.BC. 

Imoni all this it follows that if the ordinates of a diameter 
of a circle be all divided in the same ratio, the points of division 
trace out an ellipse having the diameter of the circle as one of 
its axes. 


151. Prop. [f CP and CD be a pan • of conjugate semi- 
diameters of an ellipse , and p, d the points on the aux'iliarg 
circle corresponding to P and D, then pCd is a right angle. 

Let the tangents at P and p meet the major axis in T. 
Draw the ordinates PX, DM. 

Now since CD is parallel to TP, A PXT is similar to A DMC. 

PX:DM=XT:MC. 

But as PX:pX = PC : AC = DM : dM, 

. *. PX : DM = pX: dM. 
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. •. pN : dM = NT : MC\ 
that is pN : NT = dM : MC. 

as the As pNT and dMC have the angles at M and N 
equal, they are similar. 

. *. z MCd = Z N Tp. 



Cd is parallel to Tp. 

.*. Z dCp = Z CpT = a right angle. 

Cor. P N= CM and dM = ON for A CNp = A</d/G\ 
Whence also we have 

PiY: CM = BC : A C, 

DM : CW = BC: A C. 


152. Prop. 7/ CP and CD be conjny<ite seniulia meters of 
an ellipse 

cp * + cd- = cm- 4- Circ 


For using the figure of the last proposition 

0 

urn 

CP 2 = GW 2 4- PiV-' = GW 2 + . pA f2 

7l U 


and CD 5 = Oil/ 2 + Z>J/= = ,,iV 2 + ^ <M/* - jsJV 2 + '| c „ CVV». 

.*. CP 2 + G7)* = (l 4- (piY 2 4- GW*) 

= (l4- AC* = AC* + BC*. 
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Thus the sum of the squares of two conjugate diameters of 
an ellipse is constant and = AA'- + BB'\ 

Or we may prove the proposition thus: 

In § 151 we proved pJV = CM, 

CM- 4 - CN* = pN* + CN* = Cp* = A C*. 

In exactly the same way by drawing ordinates to the minor 
axis and working with the circle on BB' as diameter we have 

PN* + DM*=BC*. 

Whence by addition, CP 2 + CD 1 = A C- + BC\ 

152a. Equiconjugate Diameters. 

There is one pair of conjugate diameters of an ellipse which 
are equal to one another namely those which lie along the 
diagonals of the rectangle formed by the tangents at the 
extremities of the major and minor axes. 




That the diameters Along these lines are equal is clear from 
the symmetry of the curve, and that they are conjugate diameters 
is seen from the fact that in the figure here presented since KC 
bisects AB, which is parallel to LL\ CK and CL are conjugate 
lines. 


152b. Prop. 1J CP and CD be a paw of conjugate semi- 
diameters of an ellipse 

SP .S'P = CD*. 
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Since C is the middle point of SS' 

2CP 2 -f 2 CS* = SP 2 + S'P* 

= (S'P 4 - spy - 2 sp . sp 

= 4CA 2 - 2SP . S'P. 



. \ SP. S'P = 2CM 2 - CP 2 - CVS f2 

= CM 9 4- CB 1 - CP 9 
= CP 2 (by § 152). 

153. Prop. If P be any point on an ellipse , and the 
normal at P meet BCD', the diameter conjugate to CI\ in F , then 
PF . CD — AC. BC. 

Draw the tangent at P and drop the perpendiculars SY and 
S’Y' from the foci on it. 



Join SP and S'P, and let S'P cut DD' in E. 
Then the As SPY , S'PY' are similar. 
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SY.S') 


$Y:SP = S'Y' 
" :SP.8’P = SY*: 


: S P. 
SP 2 


that is, 



= PF*: PE 2 since the As SYP, 

PFE are similar. 

BC-: CD - = PF-: A C\ 

PF. CD = AC. BC. 


Cor. The area of the parallelogram formed by the tangents 
at the extremities of a pair of conjugate diameters is constant 

= 4AC.BC. 



For the area = 4 area of parallelogram PD' 

= 4 PF. CD = 4AC. BC. 

Circle of Curvature. 

154. Prop. Fite chord of the circle of curvature at any 
point P of an ellipse and through the centre of the ellipse is 

2CD* 

CP * 

Let Q be a point on the ellipse near to P and QV the 
ordinate of the diameter PCP'. 

Consider the circle touching the ellipse at P and cutting it 
in Q. Let QK be the chord of this circle parallel to CP. Let 
QK meet the tangent at P in R. 
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Then from the circle 



RK = 


RQ. RK = RP\ 

RP- __ QV* CD* 
RQ ~ 1>V ~ CP* 


(§ ^ 7 ). 



Thus the chord of the circle of curvature through the centre 
being the limit of RK when Q approaches P 

= x Limit VI ' 

= CD ~x2 CP- 2CD * 

CP* - CP • 

Coil r lhe diameter of the circle of curvature = » 

F being the point in which the normal meets CD, for 

2 CD- 

Diameter : = sec ( z between normal and CP) 


= CP : PF. 

2CD* 


. \ Diameter = 


2CD 


PF AC. EC' 



THE ELLIPSE 


100 


EXERCISES 


1. Prove that in the notation of this chapter 

CS:CX = CS 2 :CA\ 


2. If SL be the semi latus rectum of an ellipse then SL = e. SX; 
prove from this that 

BC- 


SL = 


AC * 


Obtain also the length of the latus rectum by using the fact 
(s$ 116, 117) that the lengths of two focal chords are in the ratio 
of the squares of the diameters parallel to them. 

3 if Y, Z be the feet of the perpendiculars from the foci of 
an ellipse on the tangent at 1\ of which PN is the ordinate; prove 
that the circle circumscribing YNZ passes through the centre of the 

ellipse. 

4 If /> be any point on an ellipse whose foci are S and S' the 
circle circumscribing SPS' will cut the minor axis in the points 
where it is met by the tangent and normal at P. 

o. If two circles touch internally the locus of the centres of 
circles touching them both is an ellipse, whose foci are the centres 

of the given circles. 

G. If the tangent at P to an ellipse meet the major axis in T\ 
and NG be the subnormal, 

CT. NG-BC\ 


7 . If PN be the ordinate of any point P of an ellipse and 
Y Y‘ the feet of the perpendiculars from the foci on the tangent at 
P, then PN bisects the angle YNY'. 

8 . If the normal at P to an ellipse meet the minor axis in g> 
and the tangent at P meet the tangent at the vertex A in I r , shew 

that S<j : SC — P 1 : VA. 

9 . If the normal at P meet the major axis in G , PG is a 
harmonic mean between the perpendiculars from the foci on the 

tangent at P. 

10. If an ellipse inscribed in a triangle have one focus at the 
orthocentre, the other focus will be at the circumcentre. 
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11. If an ellipse slide between two straight lines at right angles 
the locus of its centre is a circle. 

12. Lines are drawn through a focus of an ellipse to meet the 
tangents to the ellipse at a constant angle, prove that the locus of 
the points in which they meet the tangents is a circle. 

13. The locus of the incentre of the triangle whose vertices are 
the foci of an ellipse and any point on the curve is an ellipse. 

II. The opposite sides of a quadrilateral described about an 
ellipse subtend supplementary angles at either focus. 

15. Prove that the foci of an ellipse and the points where any 
tangent to it meets the tangents at its vertices are concyclic. 

16. If CQ be a semidiameter of an ellipse conjugate to a chord 

Which is normal to the curve at P, then CP is conjugate to the 
normal at (J. 

17. If P be any point on an ellipse, foci S and and A be a 

vertex, then the bisectors of the angles PSA, PS’A meet on the 
tangent at P. 

18. In an ellipse whose centre is C and foci 6’ and X' GJ is 
drawn perpendicular to CP, and CM is drawn parallel to S'P meeting 
PC m M. Prove that the triangles CLM, CMP are similar. 

19. A circle is drawn touching an ellipse at two points, and Q 
is any point on the ellipse. Prove that if QT be a tangent to the 
circle from Q, and QL perpendicular to the common chord, then 

QT=e. CL. 

20. If a parabola have its focus coincident with one of the foci 
of an ellipse, and touch its minor axis, a common tangent to the 
ellipse and parabola will subtend a right angle at the focus. 

21. Shew how to determine the magnitude and position of the 

iXXQS of an ellipse, having given two conjugate diameters in magni¬ 
tude and position. 

22. Construct an ellipse when the position of its centre and a 
self-conjugate triangle are given. 

23. If 1 be any point on an ellipse whose vertices are A and A ', 
and AP, A'P meet a directrix in E and E, then EF subtends a right 
angle at the corresponding focus. 

24. Deduce from Ex. 23 the property that PS-: AN. NA' is 
constant. 


a. g. 


11 
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25. Prove that chords joining any point on an ellipse to the 
ends of a diameter are parallel to a pair of conjugate diameters. 

[Two such chords are called supplemental chords.] 

26. If a circle touch a fixed ellipse at P, and intersect it at the 
ends of a diameter QQ\ then PQ and PC/ are fixed in direction. 


27. Ellipses have a common fixed focus and touch two fixed 
straight lines, prove that their director circles are coaxal. 


28. .S'J' is the perpendicular from the focus E of an ellipse on a 
tangent, and K the point in .S) produced such that SY = YE. Prove 
that the square of the tangent from K to the director circle is double 
the square on SY. 

2D. The circle of curvature at an extremity of one of the equal 
conjugate diameters of an ellipse meets the ellipse again at the 
extremity of that diameter. 

w 


50. If PS be the ordinate of a point P on an ellipse, the chord 

'1C IP 

of curvature in the direction of PS — x P^> 


dl. If .S’ and ,s" be the foci of an ellipse and li an extremity of 
the minor axis, the circle SS'Ji will cut the minor axis in the centre 
of curvature at /> 

32. The circle of curvature at a point P of an ellipse passes 
through the focus S, and SE is drawn parallel to the tangent at / 
to meet in E the diameter through P ; shew that it divides the 
diameter in the ratio 3 : 1. 

dd. The circle of curvature at P on an ellipse cuts the curve 
again in Q ; the tangent at P meets the other common tangent, 
which touches the ellipse and circle at E and /\ in 0 ; prove 

(TO, EE) - - 1. 

34 The tangent at P to an ellipse meets the equieonjugates in 
Q all d Q' ; shew that CP is a svmmedian of the triangle QCQ'. 
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THE HYPERBOLA 


155. We have seen in §§ 100, 101 that a hyperbola, which 
is the projection of a circle cut by the vanishing line, has two 
axes of symmetry at right angles, one of which, named the 
transverse axis, meets the curve in what are called the vertices 
A and A , while the other called the conjugate axis does not 
meet the curve. These two axes meet in C the centre of the 
curve, and there are two tangents from C to the curve having 
their points of contact at infinity. These tangents are called 
the asymptotes and they make equal angles with the axes. 


The curve has two foci S and S' lying on the line of the 
transverse axis, and such that the feet of the perpendiculars 
from fchern on the asymptotes lie on the circle on A A' as 
diameter. The directrices which are the polars of the foci are at 
right angles to the transverse axis, and pass through the feet of 
these perpendiculars. If X and X' be the points in which the 
directrices cut the transverse axis and O be the centre, then the 
eccentricity (e) = CS : CA = CA : CX. 


156. In this chapter we shall set forth the principal 

properties that all hyperbolas have in common. Some of these 

are the same as those of the ellipse and can be established in 

much the same way. But the fact that the hyperbola has a 

pair of asymptotes, that is, tangents whose points of contact are 

at infinity, gives the curve a character and properties of its 
own. 

11—2 
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157. Difference of focal distances constant. 

Prop. The difference of the focal distances of any point on 
a hyperbola is constant , and equal to the length A A' of thetrans- 

verse a.ns. 



Let I* be any point on the hyperbola. 

I >raw PMM' as in the figure perpendicular to the directrices, 
t hen 

SP = e. PM* and SP = e. PM. 

S P~SP = e.XX'=AA\ 


For po 
f«»r points 


ints on the one branch we have S P — SP — A A and 
on the other SP — S 1 J = A A . 


CoR. 


Two con focal hype 


rbolas cannot intersect. 


Tangent and Normal. 

158. Prop. The tangent and normal at any point of a hyper¬ 
bola bisect respectively the interior and exterior angles of the focal 
radii of the point. 

Let the tangent and normal at P meet the transverse axis 
in T and G. 

Then by § 111 SO = <?. SP, S'G = e. S P. 

.-. SG: SP = S'G : S'P. 
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I*G is the bisector of the exterior angle of SPS', and 

_ o 

1 T y perpendicular to PQ y must therefore bisect the interior 
angle. 



Cor. 1. CG . CT = CS* t for (&S", TO) = - l. 

Cor. 2. If an ellipse and hyperbola are confocal their tangents 
at the points of intersection of the curves are at right angles, or, 
in other words, the curves cut at right angles. 

159. Prop. If 8Y, S' Y' be the perpendiculars from the foci 
on the tangent to a hyperbola at any point P, Y and Y' will lie 
on the circle on A A' as diameter (called the auxiliary circle), and 
SY.S'Y' will be constant. 

Let S Y meet S'P in K. 

Then since £SPY = <lKPY(% 158) 
and z SYP = z KYP 

and PY is common, 

ASPY= A KPY 
and 8 Y = YK, PIC = SP. 

And since Y and C are the middle points of SK and SS\ CY is 
parallel to S'K and 

CY=^S'K= h(S'P-KP) = ±(S'P-SP) = iAA'= CA. 

Thus Y (and similarly Y') lies on the circle on A A '. 
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right angle, 


meet the circle again in if. then since YY'Z is a 
YZ must be a diameter and pass through C. 


A1 so 


ASCY= AS'CZ and S'Z = SY. 


SY. S'Y’ = S'Z.S'Y' = S'A'. S'A = CVS'- - CA* 


which is constant. 


/ 



Cor. 1. The diameter parallel to the tangent at P will meet 
SP and S'P in points E and E such that PE= PE' = CA. 


Cob. 2. The envelope of a line such that the foot of the 
perpendicular on it from a fixed point S lies on a fixed circle 
which has S outside it, is a hyperbola having S for a focus. 

Cor. .1. The envelope of a line such that the product of 
the perpendiculars on it from two fixed points, lying on opposite 
sides of it, is constant is a hyperbola having the fixed points for 
its foci. 

Compare § 141, Corr. 2 and d. 


160. On the length of the conjugate axis. 

We have seen that the conjugate axis of a hyperbola does not 
meet the curve, so that we cannot say it has a length in the same 
way that the minor axis of an ellipse has for its length that por¬ 
tion of it intercepted by the curve. 

It is convenient, and this will be understood better as we 



the hyperbola 


1(37 

proceed, to measure off a length BH' on the conjugate axis such 
that B and B' are equidistant from C\ and 

tiC- = CK- - CA - = A S . A W. 

Ihis will make S\ . S ) ' in the preceding proposition equal to 
tiC \ (Compare § 141.) 

1 he length BB thus defined will for convenience be called 
the length of the conjugate axis, but it must be clearly under¬ 
stood that BB' is not a diameter length of the hyperbola, for B 
and B do not lie on the curve. 


161. It will easily be seen that if a rectangle be drawn 
having a pair of opposite sides along the tangents at A and A', 
and having its diagonals along the asymptotes, then the portion 
of the conjugate axis intercepted in this rectangle will be this 
length BB' which we have marked off as explained above. 


For if the tangent at A meet the asymptote Cfl in 
the directrix corresponding to # meet Cil in K, we have 
CKS is a right angle and CK = CA (§ 101), 


0, and 
,’\since 


A CKS = AC AO. 





Hence 


AO 2 = SK 2 = CS 2 - CK 2 = GW- - CA -. 
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Pair of tangents. 

162. Prop. The two tangents drawn from a point to a hyper¬ 
bola make equal or supplementary angles with the focal distances 
of the point. 




' l ? i«. 1. 

Let Tl\ TQ be* the tangents, it is required to prove that the 
angles ST 1\ S' TQ are equal or supplementary. 

Drawer, S'V' perp. to TP, and SZ t S'Z' to TQ. 

Then N V. S' T = 7iC 2 = SZ . S'Z'. 

... SY:SZ=S'Z:S'Y\ 
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equal angles ZTY* and Z TV in fig. 1 ? and in fig. 2 each 

equal to YTZ, since* SZTY and S'Y'TZ ' are cvclie. 

% 

Hence the As S}; Z and S'Z'Y' are similar and 


being 


z STP = z SZY = z S Y Z' = z S TZ' 


= supplement of z S'TQ in tig. 1, 
while in fig. 2 it = z > S'TQ. 


Thus the two tangents from an external point make equal 
OI supplementary angles with the focal distances of the point 
according as the tangents belong to opposite branches or the 
same branch of the curve. 


163. Director Circle. 

Prop. The locus of jyoints tangents from which to a hyperbola 
are at right angles is a circle (called the director circle of the 
hyperbola). 

Let TP and TQ be two tangents at right angles. 

Draw SY perp. to TP to meet S'P in K. 

Then by § 159, SY = YK and S'K = A A '. 

Also ASYT = A KYT. 



Thus ST = KT and z KTY = z STY = z QTS' (§ 162). 

Z KTS' = Z PTQ = a right angle. 
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Now 2 CT* + 20S- = ST 2 + S'T* (§ 10) 

= KT- + S’T n - 
= KS'- = A A'-= ±CA-. 

CT* = 2CA* — CS* 

= CM-- (CS* - CM*) 

= C A - - CM 

11ms the locus of T is a circle whose centre is C and the 
square of whose radius is CA * - OB * (Cf. § 145.) 

f’oR. 1. If CM = C7i, CT = 0, that is the tangents from C, or 
the asymptotes, are at right angles. 

Colt. 2. If CM < CZC there an • no points from which tangents 
at right, angles can he drawn. 


The Conjugate Hyperbola. 

164. A hyperbola is completely determined when we know 
the length and position of its transverse and conjugate axes; 
for when A A' and BB' are fixed, S and S' the foci on the line 
A A' are determined by 

CS* = OS'* = CM 2 + CB\ 

Also the eccentricity e = CS : CA, and the directrices are 
determined, being the lines perp. to A A' through points X and 
X' on it such that 

CM : CX = e = CA ': CX. 

165. We are going now to take a new hyperbola having 
for its transverse and conjugate axes respectively the conjugate 
and transverse axes of the original hyperbola. This new hyper¬ 
bola will clearly have the same asymptotes as the original 
hyperbola (§ 161) and it will occupy space in what we may call 
the exterior angle between those asymptotes, as shewn in the 
figure. 

This new hyperbola is called the conjugate hyperbola in 
relation to the original hyperbola, and it follows that the original 
hyperbola is the conjugate hyperbola of the new one. 
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The hyperbola and its conjugate are two distinct curves, each 
having its foci and directrices, nor will they in general have the 

same eccentricity. 

ihe foci 8 and S' of the original hyperbola lie on the line of 

^ ^ an ^ are Sllc ^ that C> S'- = CA- 4- CB and the eccentricity is 
CS . CA . The foci X and !£ of the conjugate hyperbola lie <>n 
the line of BB' and are such that Cl - = CA - 4 - CB-. 

Thus Cl — CS y but the eccentricity is Cl : CB, which is only 
the same as that of the original hyperbola if CA = CB. 

In this special case the asymptotes are the diagonals of a 
square (§ 161) and are therefore at right angles. 



the special properties of the rectangular hyperbola. 

The conjugate hyperbola is, as we shall see, a very useful 
adjunct to the hyperbola and considerable use will be made of 
it in what follows. 


Asymptotic properties. 

166. Prop. If R be any point on an asymptote of a hyper¬ 
bola , and RN perpendicular to the transverse axis meet the 
hyperbola in P and p then RP. Rp = BC~. 
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Let the tangent at A meet the asymptote on which R lies 
in K. 

Then 12 being the point of contact of the asymptote with 
the curve at infinity we have by Newton's theorem 

RP . Rp : ROJ = EA *: Eil*. 

.-. RP . Rp = EA- = BC*. 



RN* - PN* = BC*. 


It will presently be seen that this proposition is only a 
special case of a more general theorem. 

167. Prop. If PN be the ordinate to the transverse axis 
of any point P of a hyperbola 

PN*: AN. A'N = BC*: A C\ 

Using the figure of § 166 we have 

RN* - PN* = BC*. 

PN* = RN 2 - BO 2 . 

But RN*:BC* = RN*:EA* . 

= CN*:CA*. 

.\ RN 2 - BC 2 : BC* = CN* - fM 2 : CM*. 

PN*: AN. A'N = BC*: AC*, 
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or we may write this 

PiV-: CN 2 - C A - = BC 2 : A C-. 

Ihis too will be found to be but a special case <>f a more 
general theorem. 

Comparing this property with the corresponding one in the 
ellipse (§ 148) we see that it was not possible to establish the 
property for the hyperbola in the same way as for the ellipse* 
because the conjugate axis does not meet the hyperbola. 

168. Prop. If from any point li in an asymptote of a, 
hyperbola IiPN, RDM be drawn perpendicular to the transverse 
and conjugate axes to cut the hyperbola and its conjugate respec¬ 
tively in P and D, then PD is parallel to the other asymptote , 
and CP, CD are conjugate lines for both the hyperbola and the 
conjugate hyperbola. 



Let O and Q be the points of contact of the hyperbola and 
its asymptotes at infinity. 

We first observe that AB is parallel to Cfl'. 

For drawing the lines through A and B perpendicular to 
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the axes to meet the asymptotes, as indicated in the figure, in 
E , e , E', we have 

EB:BE'=EA :Ae. 

Also MX is parallel to AB , for 

CA : r/y = CA : A E = CA r : AX 

= CX : C'Jf. 

.*. CM :CX = CB:CM. 



and 


RN*-PiV*=BC*\ 
RM- — DM 2 = A C-\ s 



/?.!/ • - Z)J/ 2 = CiV-: CX- 


= /LV*: /fil/ % 





Thus /'/> is parallel to MX and therefore to CiV. 
Thus PI) will be bisected by Cfl in the point T (sav). 
Now DP will meet CiV at 12', and we have 

(DP, m') = - 1. 


( % P and CD will belong to the involution of which Cil and 
CD are the double lines. 

But Cn and CiV being tangents from C to both the hyper¬ 
bola and its conjugate are the double lines of the involution 
pencil formed by the pairs of conjugate lines through C. 

CP and CD are conjugate lines for both the hyperbola 
and its conjugate. 

From this it follows that the tangent at 1 J to the hyperbola is 
parallel to CD, and the tangent at D to the conjugate hyperbola 
is parallel to CP. 


169. On the term conjugate diameters. 

If the lines PC, DC in the figure of § 16S meet the hyper¬ 
bola and its conjugate again in the points P'and D respectively, 
then PCD' and DCD are called conjugate diameters for each of 
the hyperbolas. But it must be clearly understood that PCP' 
is a diameter of the original hyperbola, whereas DCD' is not, 
but it is a diameter of the conjugate hyperbola. 
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Of two so-called conjugate diameters one is a diameter of 
tire hyperbola and the other of the conjugate hyperbola. 

The line BCD' is a diameter even for the original hyperbola 
in so far as it is a line through the centre and it will bisect a 
system of parallel chords, but it is not a diameter in the sense 
that it represents a length intercepted by the curve on the line, 
for I) and B' are not on the hyperbola. BCD' does not meet 
the hyperbola in real points, though of course as the student 
acquainted with Analytical Geometry will know it meets the 
curve m imaginary points, that is, points whose coordinates 
involve the imaginary quantity \'—1. 

. . Pro P* The tangents at the extremities of a pair of con¬ 

jugate diameters form a parallelogram whose diagonals lie alona 
the asgmptotes. . 

Let POP' and BCD' be the conjugate diameters, as in the 
figure. 

We have already proved (§ 168) that PB is bisected by CO.. 



The tangents at P and D are res 
and CP. 


n' 


spectively parallel to CD 


These tangents then form with CP and CD a parallelogram 
having one diagonal along Cfl. 
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Similarly the tangents at P' and D' meet on CD., and those 
at P\ D and P, D' on CD'. 

Cor. The portion of the tangent at any point intercepted 
between the asymptotes is bisected at the point of contact. 

For LP = DC = CD' = PI. 

171. The property given in the Corollary of § 170 can be 
independently established by projecting into a circle, and we 
may use the same letters in the projection without confusion. 

Let the tangent at P to the circle meet the vanishing line 
DD' in K. 



The polar of K goes through C, since that at C goes through 
I\ , and the polar of K goes through P. 

.*. CP is the polar of K. 

Let CI J meet DD' in F. 

(KF, nn') = - 1 . 
c ( kf, nn / ) = -i. 

(KP, LI) = — 1. 

Thus in the hyperbola L and l are harmonically conjugate 
with P and the point at infinity along LI. LP — PI. 

172. Prop. If through any point R on an asymptote of a 
hyperbola a line be drawn cutting the same branch of the hyper¬ 
bola in Q and q, then RQ. Rq is equal to the square of the semi¬ 
diameter of the conjugate hyperbola parallel to RQq. 
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Let V be the middle point of Qq. 

Let CV cut the hyperbola in P. 

Then the tangent at P is parallel to Qq. 
Let it meet the asymptotes in L and l. 


Let CD be the semi-diameter of the 

parallel to Qq. 


conjugate 


hyperbola 


n 



By Newton’s theorem we have 

RQ- R<[: Rn* = LP* : LCl\ 
RQ ■ R'i = IP- = cd\ 


Thus if the line RQq be always drawn in a fixed direction 

the rectangle RQ.Rq is independent of the position of the point 
K on the asymptote. 


We may write the above relation 


R V « - Q V- = CD-. 

And if RQq meet the other asymptote in r we have 

rV-- q V 2 = CD-. 
rV--qV* = RV 2 -QV 2 . 

RV= Vr 


and 


RQ — qr. 


l 


Hence any chord of a hyperbola and the length of its line 
ntercepted between the asymptotes have the same middle point. 

A. G. 
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We thus have the following remarkable property of the 

hyperbola : If Rr joining any (wo points on the asymptotes of a 

hyperbola cut the curve in Q and q then RQ = qr. 

% 

173. Prop. If a lme be drawn through a point R on an 
asymptote of a hyperbola to meet opposite branches of the curve 
in Q and q then qR . RQ = CP 2 where CP is the semi-diameter of ' 
the hyperbola parallel to Qq. 



For by Newton’s theorem 

RQ . Rq : RD- = CP . CI y CD\ 

.-. RQ . Rq = — CP 2 . 

,\ qR . RQ = CP. 

As in the preceding article we can shew that Qq and the 
portion of it intercepted between the asymptotes have the same 
middle point. 


174. Prop. If QV be an ordinate of the diameter PCF 
and DCD' the diameter conjugate to PF then 

QV 2 : PV. F V = CD 1 : CP*. 

Let QV meet the asymptote CD. in R and the curve again 
in Q'. 

Through R draw the chord qq' of the hyperbola parallel to 

PCF . 
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Then by Newton’s theorem 


rQ-VQ’ z VP.VF = RQ.RQ : B q .S,j. 

- QV*: VP . VF = CD *: - CP\ 

that is 



PV.P'V=CD*:CP\ 



Ihis is the general theorem of which that of 8 167 is a 
special case. 3 

We may write the relation as 

QV*:C V 2 - CP- = CIT -: CP 2 . 


175 From §§ 167, 174 we can see that a hyperbola may be 

regarded as the locus of a point in a plane such that the ratio 

of the square of its distance from a fixed line Z varies as the 

pioduct of its distances from two other fixed lines V and l" 

parallel to one another and such that the point is on the same 
side of both of them. 

If l and l be peipendicular to l then l is the transverse axis 
of the hyperbola and l\ l" the tangents at its vertices. 

If V and l" are not perpendicular to Z, then Z is a diameter 

of the hyperbola, and l', l" are the tangents at the points where 
it meets the hyperbola. 


12—2 
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176. Prop. If QQ', RR be chords of a hyperbola inter¬ 
secting in 0 then the ratio OQ. OQ': OR. OR' is equal to that of 
the squares of the diameter parallel to the respective chords. 

Let OQQ meet an asymptote in L. 

Through L draw Lrr parallel to ORR to meet the curve in 
r and r. 


o 



Then by Newton’s theorem 

OQ . OQ' : OR . OR’ = LQ . LQ ': Lr . Lr 

=» s(j. of diameter parallel to QQ' 

: sq. of diameter parallel to RR . 

177. Th is proposition holds equally well if the ends of 
either or both of the chords lie on opposite branches of the 
hyperbola, provided that OQ. OQ' and OR. OR' be regarded 
simply as positive magnitudes. 

For suppose that Q , Q lie on opposite branches and R, R' on 
the same branch, then as LQ and LQ' are in opposite directions 
we must for the application of Newton’s theorem say 

LQ. LQ' = — QL. LQ — — sq. of diameter parallel to QQ\ 
so that, as OQ. OQ = — QO. 0Q\ we have 

QO. OQ': OR . OR = sq. of diameter parallel to QQ' 

: sq. of diameter parallel to RR. 
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178. It may perhaps seem unnecessary to make a separate 
pioo or 10 hyperbola of the proposition proved generally for 
the central comes in § 116. But our purpose has been to brim, 
out he fact that in § 116 the diameters must be length diameter 
of the curve itself, and for these the proposition is true. But 
as diameters of the hyperbola do not all meet the curve in real 
points we wanted to shew how the diameters of the conjugate 
d'ameter may be used instead. Whenever the signs of OQ OQ 

and OR OR m the notation of §§ 176, 177 are different, this 
means that the diameters parallel to QQ\ RR are such that 

only one of them meets the hyperbola. The other meets the 
conjugate hyperbola. 

179. We can see now that if BCD be a diameter of the 

conjugate hyperbola, the imaginary points S, 5', in which it meets 
the original hyperbola, are given by 

CB* = CB'* = — CD 2 , 

and this to the student acquainted with Analytical Geometry is 
also clear from the following • 

The equation of the hyperbola is 


x 1 


y 


a 2 b 2 1 


( 1 ), 


and of the conjugate hyperbola 


•7'” 


y 


-= — I 

•1 I t 


a 


■i 


b* 


( 2 ). 


Thus corresponding to every point (x, y) on (2) there is a point 

A " d ! f a llne throu g h the centre meet the conjugate hyper¬ 
bola (2) in (x, y) it will meet the original hyperbola in (ix, iy). 

180. Prop. If Cl and CD be conjugate semi-diameters of 
cl hyjierbola 

CD- — CD- = CA- — CB 2 . 

Diaw the oidinates PH and DM to the transverse and con¬ 
jugate axes. 
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These intersect in a point R on an asymptote (§ 168) and 
we have 

CP 3 = CN* + PN 2 = CR 2 - (RN* - py*) 

= OR- — BC- (§166) 



CD' = CM* + DM 3 = CR* -(RM *- DM-) 

= CR Q — CA\ 
CP*-CD*=CA*-CB*. 


Cor. If CA = CB, that is if the hyperbola be a rectangular 
one, then CP — CD. 

181. Prop. If P be any point on a hyperbola 

SP. SP = CD 2 

where CD is the semi-diameter conjugate to CP. 

Since C is the middle point of SS’ 

SP + S P = 2CS 2 + 2 CP (§ 10). 

. \ (S P - SP? + 2 SP. S'P = 2CS- + 2 CP, 

*CA 2 + 2 SP. S P = 2CS- + 2CP. 

SP . S'P = CP + CS- - 2CA- 

= CP + CB 2 + CA* - 2CA* 

= CP-(CA*-CP) 

= CD 2 (§ 180). 


that is 
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182. Prop. If CP and CD be conjugate semi -diameters 
°J a hyperbola , and the normal at P meet CD in F, then 

PF. CD = AC. PC. 

Draw the perpendiculars SV and S' 1" from the foci on the 
tangent at P. 



S Y _ S'Y' _ ,S" Y' — S Y 2PF PF 
SP SP ~ S P - SP =2AC = AC■ 

SY. S' Y' PF- 


• • 


that is 


SP.BP = AC 2 ’ 

BO _ PF* 

~ AO' 


CD 2 ‘ 

\ PF. CD = AC. BC. 

Cor. The area of the parallelogram formed by the tan¬ 
gents at the ends of a pair of conjugate diameters is constant 
= A A . BB\ 


183. Prop. The area of the triangle formed by the asymp- 
totes and any tangent to a hyperbola is constant. 

Let the tangent at P meet the asymptotes in L and l. (CJse 
fig. of § 170.) 

Let P be the other end of the diameter through P and let 
BCD' be the diameter conjugate to PP\ Then L and l are 


184 


THE HYPERBOLA 


angular points of the parallelogram formed bv the tangents at 

P, P\ D, U (§ 170). 

Moreover A CLl is one quarter of the area of the parallelo¬ 
gram formed by these tangents, that is (§ 182), 

A CLl = CA . CB, 

which is constant. 


Cor. r lhe envelope of a line which forms with two fixed 
lines a triangle of constant area is a hyperbola having the fixed 
lines for its asymptotes, and the point of contact of the line with 
its envelope will be the middle point of the portion intercepted 
between the fixed lines. 


184. Prop. ]j TQ and TQ' be tangents to the same branch 
of a hyperbola, and CT meet the curve in P and QQ' in V t then 

CV. CT = CP-. 



Th is follows at once from the harmonic property of the pole 
and polar, for we have 

(PP\ TV) = - 1. 

CV. CT — CP 2 . 


185. Prop. IfTQ and TQ' be tangents to opposite branches 
of a hyperbola , and CT meet QQ in V and the conjugate hyper¬ 
bola in P then 


VC . CT = CP\ 
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Ihis can be surmised from the preceding proposition, for if 

CT meet the original hyperbola in the imaginary point m we 
have (§179) 

Cp- = - CP 1 . 

•*. cv. CT = (§ 184 ) 

= - 

VC. CT = CP\ 



We give however the following purely geometrical proof, 
which does not introduce imaginary points. 

Lot I)CD' be the diameter conjugate to IT and meeting 
the hyperbola in D, D\ and TQ in t. 

Draw the ordinate QW to the diameter DD\ that is, OW is 
parallel to PP'. 

Then by similar As 1WQ, tCT 

rc: WQ = Ct :t W. 

• TO. WQ: WQ* = Ct. CW CW. t W 

= ct. C W: CW 1 — Ct. CW. 

But by § 184, Ct. C W = CD'-. 

••• TG ■ WQ: WQ 2 = CD -: CW-- - CD-. 
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Bu t CP 2 : WQ* = CD -: C W* -CD- (§174). 

.\ TO. WQ = CP 2 . 

VC.CT^CP*. 

186. The following are special cases of the two preceding 
propositions. 



If the tangent at P to a hyperbola meet the transverse and 
conjugate axes in T and t respectively and PN, PM be ordinates 
to these axes 

CT . CN = CA 2 , 

MC . Ct = CB\ 

For the tangents from T will be TP and TP where P is the 
point in which PN again meets the hyperbola; and the tangents 
from t will be tP, tQ where Q is the point in which PM again 
meets the hyperbola. 

187. Prop. If the normal at P to a hyperbola meet the 
transverse and conjugate axes in G and g, and the diameter 
parallel to the tangent at P in F , then 

FP . PG = BC*, PF .Pg — A C\ 
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This proposition can be established 
corresponding one in the ellipse (§ 144). 


exactly like the 



188. Prop. If the normal at P to a hyperbola meet the 
transverse axis in G, and PM be the ordinate 

CG = e-. CM 

and MG : CM = BC -: A C-. 

This is proved in the same way as in § 144 a. 

Circle of curvature. 

• 18 d Pr ,° P ' T,te cl,ord °f the circle of curvature at any 
2 C& P ° J “ l,Jperb " la and trough the centre of the hyperbola is 

( 'p > (l1l d the diameter of the circle is • 

Ihis is proved in the same way as for the ellipse. 


EXERCISES 

1. If a line be drawn through a focus S of a hyperbola parallel 
to one of the asymptotes and a perpendicular S'K be drawn from the 
other focus S' on to this line SK = A A 

[Use § 157. Take P at Q.] 

2. Find the locus of the centre of a circle touching two fixed 
circles externally. 
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3. If the tangent at any point P of a hyperbola cut an 
asymptote in T and HP cut the same asymptote in Q then SQ-QT. 

[ TP and Til subtend equal angles at 6\] 

4. Shew that when a pair of conjugate diameters of a hyperbola 
are given in magnitude and position the asymptotes are completely 
determined. Hence shew that there are only two hyperbolas having 
a given pair of conjugate diameters. 


o. If two hyperbolas have the same asymptotes a chord of one 
touching the other is bisected at the point of contact. 

0. If P/I ,, PK be drawn parallel to the asymptotes CQ, CiT of 
a hyperbola to meet CQ' and CQ in II and A\ then 

PH . PK = J CS 1 . 

[Useg 183.] 


7. The tangent to a hyperbola at P meets an asymptote in T 
and T(J j s drawn parallel to the other asymptote to meet the curve 
in Q. PQ im-ets the asymptote in L and J/. Prove that LM is 
trisected at P and Q. 


8. From any point P on an asymptote of a hyperbola PPiV is 
drawn perpendicular to the transverse axis to cut the curve in P ; 
AVi' is drawn at right angles to CP to meet the transverse axis in A'. 
Provo that PK is the normal at P. 


[Prove that CX = e-. CK. % 188.] 

0. Prove that in any central conic if the normal at P meet the 
axes in G and >j then PG . Pg = CD- where CD is conjugate to CP. 

10. If the tangent at a point P of a hyperbola meet the 
asymptotes in L and /, and the normal at P meet the axes in G and 
<j , then A, /, G } <j lie on a circle which passes through the centre of 
the hyperbola. 

11. The intercept of any tangent to a hyperbola between the 
asymptotes subtends at the further focus an angle equal to half the 
angle between them. 


12. Given a focus of an ellipse and two points on the curve 
shew that the other focus describes a hyperbola. 

13. If P be any point on a central conic whose foci are S and 
, the circles on I>/\ S P as diameters touch the auxiliary circle 

and have for their radical axis the ordinate of P. 


14. The pole of the tangent at any point P of a central conic 
with respect to the auxiliary circle lies on the ordinate of P. 
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it 

t-> 


15. If PP' and DD' be conjugate diameters of a hyperbola and 

V any point on the curve then QP- + QP- exceeds QD- + QD' 1 by a 
constant quantity. * J 

ic. Given two points of a parabola ami the direction of its 
axis, prove that the locus of its focus is a hyperbola. 

1 1 . If two tangents be drawn to a hyperbola the lines joiniim 
their intersections with the asymptotes will be parallel. 

18. If from a point P in a hyperbola PK be drawn parallel to 

an asymptote to meet a directrix in K, and be the correspond;.! 
locus, then 1 J K = SP. 

19 If the tangent and normal at a point P of a central conic 
meet the axis in T and O and PJV be the ordinate, XG. CT ~ PC- 

20 The base of a triangle being given and also the point of 
contact With the base of the inscribed circle, the locus of the vertex 

21 If tangents be drawn to a series of confocal hyperbolas the 
noimals at their points of contact will all pass through a fixed point 
and the points of contact will lie on a circle. 

22 A hyperbola is described touching the principal axes of a 
hyperbola at one of their extremities; prove that one asymptote is 

paral el to the axis of the parabola and that the other is parallel to 
the chords of the parabola bisected by the first. 

23. If ail ellipse and a hyperbola confocal with it intersect in 

/, the asymptotes of the hyperbola pass through the points of 

intersection of the ordinate of P with the auxiliary circle of the 
ellipse. 

24. Prove that the central distance of the point where a 

tangent to a hyperbola meets one asymptote varies as the distance, 

parallel to the transverse axis, of the point of contact from the 
other asymptote. 

25. Tangents RPR', TQT' are drawn to a hyperbola, R, T 

being on one asymptote and R\ T' on the other /shew that the 

circles on RT' and R'T as diameters are coaxal with the director 
circle. 

2G. From any point P on a given diameter of a hyperbola, two 

straight lines are drawn parallel to the asymptotes, and meeting the 

hyperbola in Q, Q'■ prove that PQ, PQ' are to one another in 
a constant ratio. 
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27. The asymptotes and one point on a hyperbola being given, 
determine the points in which a given line meets the curve. 

28. If PN be the ordinate and PG the normal of a point P of 
a hyperbola whose centre is C, and the tangent at P intersect the 
asymptotes in L and IJ , then half the sum of CL and CL is the 
mean proportional between CN and CO. 

29. The tangents to a conic from any point on the director 
circle are the bisectors of the angles between every pair of conjugate 
lines through the point. 

30. Given a focus, a tangent and the eccentricity of a conic, the 
locus of the centre is a circle. 

31. If P be a point on a central conic such that the lines joining 
P to the foci are «at right angles, CD- = 2//C-. 

32. Find the position and magnitude of the axes of a hyperbola 
which has a given line for an asymptote, passes through a given 
point, and touches a given straight line at a given point. 

33. If P be any point on a hyperbola whose foci are S and S' 
the incentre of the triangle SPS' lies on the tangent at one of the 
vertices of the hyperbola. 

31. With two conjugate diameters of an ellipse as asymptotes 
a pair of conjugate hyperbolas are constructed ; prove that if one 
hyperbola touch the ellipse the other will do likewise and that the 
diameters drawn through the points of contact are conjugate to 
each other. 

35. Prove that a circle can be described to touch the four 
straight lines joining the foci of a hyperbola to any two points on 
the same branch of the curve. 

36. Tangents are drawn to a hyperbola and the portion of each 
tangent intercepted by the asymptotes is divided in a given ratio ; 
shew that the locus of the point of section is a hyperbola. 

37. From a point li on an asymptote of a hyperbola RE is 
drawn touching the hyperbola in E. and El\ EY are drawn through 
E parallel to the asymptotes, cutting a diameter in 7 T and V; RV is 
joined, cutting the hyperbola in P , />; shew that TP and Tp touch 
the hyperbola. 

[Project the hyperbola into a circle and V into the centre.] 

38. CP and CD are conjugate semi-diameters of a hyperbola, 
and the tangent at P meets an asymptote in L ; prove that if PD 
meet the transverse axis in F y LFC is a right angle. 
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39 From a given point on a hyperbola draw a straight line 
such that the segment between the other intersection with the 
hyperbola and a given asymptote shall be equal to a given line 
Wheu does the problem become impossible ? 

wj/] -10. u p and Q be two points on two circles -S', and S. belonmn- 
o a coaxal system o f which L is one of the limiting points, smch 
that the angle PLQ is a right angle, prove that the foot of the 
perpendicular from L on PQ lies on one of the circles of the system 
and^thus shew that the envelope of PQ is a conic having a focus 

4b If a conic touch the sides of a triangle at the feet of the 
perpendiculars from the vertices on the opposite sides, the centre of 
ie conic must be at the symmedian point of the triangle. 


CHAPTER XIV 

THE RECTANGULAR HYPERBOLA 


190. A rectangular hyperbola as we have already explained 
is one which has its asymptotes at right angles and its transverse 
and conjugate axes equal. The eccentricity of a rectangular 
hyperbola = yj2, for e = CS : CA , and CS- = CA - -f CB 2 = 2 CA\ 


We will now set forth a series 
chief properties of the curve. 


of propositions giving the 


191. Prop. In a rectangnlar hyperbola conjugate dia¬ 
meters are equal, and if QV be an ordinate of a diameter POP \ 

QV- = PV. P V. 

For we have CP- - Cl)- = CA - - CB- (§ 180) 

= 0 

and QV-: PV . P'V= CD 2 : CP 3 (§ 17+) 

= 1 . 


192. Prop. Con jugate diameters of a rectangular hyper¬ 
bola are equally inclined to each o f the asymptotes. 

For the asymptotes are the double lines of the involution 
pencil formed by the pairs of conjugate lines through C # , and 
therefore the asymptotes are harmonically conjugate with any 
pair of conjugate diameters. Hence as the asymptotes are at 
right angles they must be the bisectors of the angles between 
each pair of conjugate diameters (§ 72). 

Cor. 1. Any diameter of a rectangular hyperbola and the 
tangents at its extremities are equally inclined to each of the 
asymptotes. 



IHE RECTANGl'LAR IlYPBRIJOLA j < y j 

^ . 

* ii 7z%X%2r' 

Ihus .s obvious when we consider that the conjugate hvner 

dickS ,„ i,f p! ”. s ■ “ b °" 1 ““ Wn- 

194. If a hyperbola hare two perpendicular diameters eoual 

otZtoT ' tke ° He M0n9in ° t0 the *»*'**. itself'and the 

COn J ur J ute - hyperbola must be a rectangular one. 

~Lot CP and C'Q be the se.ni-diameters at right an<des to 

~r p w* - «» h^Xn., Q t:: 



Draw PiV and QM perpendicular 
eonjugate axes respectively. 


to the transverse and 


Then 


A CNF = A GMQ. 



a . a. 
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Now PX 2 : CA r ‘ - CA 2 = BC 2 :AC 2 (§167) 
and Q4/ 2 : (74/ 2 - BC 2 -AC 2 : BC 2 , 

CX : PX 2 

whence we got 

(74/ 2 


= 1 


and 


BC 2 


= 1 

^ 1(7 2 


Subtract and use (7i\ 2 = (7 M 2 and PX 2 = Q4/ s . 

(?W 1 


\ - PX 2 f _—^ 

K7y \BC* AC V* 


. ,/rr ^ ’ r 'b 
i <■ i / 

^ ' - Cv Ml ■ 

O' ^ Y>\\ ' 


KA C 2 BC 
. *. si nee CN 2 -f PN 2 * 0, A C = BC. 


195. Prop. If a rectangular hyperbola pass through the 
vertices of a triangle it passes also through the orthocentre. 

Let ABC be the triangle, P its orthocentre and Al) the 

O 

perpendicular from A on BC. 

Let the rectangular hyperbola meet AD again in p. 

Since the chords Ap and BC are at right angles th e dia meters 
parallel to them will meet one the hyperbola and the other the 
conjugate byperbola. 



Thus DB. DC and Dp . DA will have opposite signs (§ 177), 
and the ratio of their numerical values will be unity since the 
diameters parallel to them being at right angles are equal. 

. *. BD . DC — Dp . DA. 



the rectangular hyperrola 1!)5 

But BD . DC = AD.DQ where Q is the point in which AT) 

produced meets the circumcircle 
— — AD . IJP (§«). 

• •• Dp. DA = DA .DP. 

■ Dp = DP 

that is p coincides with D. 

H W . h , en a rec f an S ular hyperbola circumscribes a tri- 
Ihr ° n ' ee Vei ' tlCeS He ° n the s: ‘me branch of the curve 

vertic" r CGn ' V 'u He 0,1 1,10 other b,anch > b ”‘ ^ two of the 

cen re v 0 I 0 " ^ A ^ ^ third ° n the «*ther, the ortho- 

ccnt.e will he on that branch on which are the two vertices 


f -• I 


' -.*SL£; ~ 

" * "■ cf u “ ..—. 

It is clear that the conic must be a hyperbola since it is i 
impossible tor chori. „f „ „M ip ,e „ r Jfmbol. / 

ck^Tjy "Tuc T ”” ° f " ,d “ *■’ •!“ »«»■■ md ,1,0 I 

cnoras A 1 and UC do so intersect. 

Now since BD . DC = A B /-> n a- 
BC= the diameter parallel to AD ^.. ^ameter pandlel to 

andthf nib 86 ^T 6161 ' 8 lnUSt be, ° ng the ° ne to th « hyperbola 
and the other to its conjugate since DB . DC and DP DA have 

opposite sign (§ 177). 

3 / ThereforCi the hyperbola is a rectangular one (§ 194). 

. J Prop. If a i ectangular hyperbola circumscribe a 
tmangle, its centre lies on the nine points circle of the triangle. 

Let ABC be the triangle, and D, E, F the middle points of 
the sides. 1 

Let O be the centre of the rectangular hyperbola and OIL' 
an asymptote cutting AB and AC in L and L'. 

Since OF bisects the chord AB, OF and AB make equal 
angles with OLD (§ 192, Cor. 2). 

• •• z FOL = zt FLO. 

13—2 


A , (M /. 
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Similarly Z EOL = z EL'O. 

z FOE = z ALL + zA LL = z BAC = z FDE. 


0 lies on the circle round DEF , which circle is the nine 
points circle of the triangle. 

198. Prop. The angle between any chord PQ of a rect¬ 
angular hyperbola and the tangent at P is equal to the angle 
subtended by P(J at P\ the other end of the diameter through P 


Jv 

At\ 




' /s 


Let the chord PQ and the tangent at P meet the asymptote 
Cfl in R and L. Let V be the middle point of PQ. 
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Then 

and 

• zLPR 


(§ 192, Cor. 2). 
(§ ir>2. Cor. 1). 


z: VRC = z VCR 
z. PIC = z PCL 
= ^ CLP - z CR V 
= zPCL -z 1X77 = z VCR 

= zQP'P (since CV is parallel to QP). 

tenclflt tZT, ^ Ch, ’7 i U vectu " r Juhn- hyperbola sub- 

supplementary' S UU!J dlUmeter “"!> les «**'' are e H ual or 
Let QR be a chord, and POP' a diameter 
and^ R e tangentS at P a,ld P ' meet ‘he asymptotes in Z, / 

In fig. 1, where Q and R lie on the same branch and PP' 
cuts QR internally, 

Z QPL = z QP P (§198) 
and Z RPl = z RP’P. 

■ Z QPR = supplement of sum of QPL and RPl 

= supplement of z QPR. 



!n % 2, where Q and R lie on the same branch and PP' 
cuts QR externally, 

^ LPR = z RP'P 
z LPQ = z QP'P. 

z RPQ = z QP'P - z RP'P = z QP R. 


and 
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In fig. 3, where Q and R lie on opposite branches and PP' 
cuts QR internally, 

Z QPR = / QPl + z LPP' + z P'PR 
= z QP P + z PP'l + z RP'V 
= z QP R. 

In fig. 4. where Q and R lie on opposite branches and PP' 
cuts QR externally, 

z QPR = z QPL + z LPR = z QP P + z LPR 
and z QP R = z QP L + z LP'R = z QP L + z RPP . 

Z QPR + Z QP'R' = z LP P + z LPP' 

= 2 right z s. 



EXERCISES 


1. The portion of any tangent to a rectangular hyperbola inter¬ 
cepted between its asymptotes is double the distance of its point of 
contact from the centre. 

2. If PjV be the ordinate of any point P on a rectangular 
hyperbola, and PG the normal at P, prove CN = XG, and the tangent 
from X to the auxiliary circle = PX. 

3. If OK be the perpendicular from the centre on the tangent 
at any point P of a rectangular hyperbola the triangles PC A, OAK 
are similar. 
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4. PQR ,s a triangle in.se. il,e.l in a rectangular hvi.erl.ola, and 
the angle at / is a right angle ; prove that the tangent at /' is per- 

pendicular to QR. 1 

, - ^ and , W be Perpendicular chords of a rectangular 

»}pej o «i t len PQ , QP will he at right angles, as also P(J and P'(f. 

6 ‘ f P . ,s any chord of a rectangular hyperbola, and a diameter 
perpend.enlar to it meets the hyperbola in Q- prove that the circle 
1 V' touches the hyperbola at 

hvnlrbV r° m ^ he extremities of any diameter of a rectangular 
ype bola lines be drawn to any point on the curve, they will be 
equally inclined to each asymptote. 

b. Focal chords of a rectangular hyperbola which are at ri-dit 
angles to one another are equal 0 

[See §§ 116, 117.] 

9. The distance of any point on a rectangular hyperbola from 

f,«V " *• ■— •««-. i«" i™„, Z 

10. If PP■ be a double ordinate to the transverse axis of a 

t rS: mlgenT aT/> 1 ^ ^ “ C ’ - Perpendicula’r 

rectlmmW ZlTh ^ inSCM ci ™ ] * of a triangle lies on any 
Iretf^eLtr ^ C *~ ibi "« *• triangle whose vertiei 

hypi'bolf are equal" Pa,a " el tOCOn J u « ate diameters of a rectangular 

cent!-e r If ^ P ° int l> ° f a rectangular hyperbola, 

th "rtr pa ' 1 ’ ° f con J u « ate diameters in E and F, PC touches 

the circle CEP. 

1 , }~ vo ^' ail o c nts aie drawn to the same branch of a rectangular 

hyperbola. Prove that the angles which these tangents subtend at 

the centre are respectively equal to the angles which they make 
with the chor d of contact. 

15. A circle and a rectangular hyperbola intersect in four 
points and one of their common chords is a diameter of the hyper¬ 
bola ; shew that the other common chord is a diameter of the circle. 

16. Ellipses are described in a given parallelogram; shew that 
their foci lie on a rectangular hyperbola. 
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1 7. If from any point Q in the conjugate axis of a rectangular 

hyperbola QA be drawn to the vertex, and QR parallel to the trans- 
verse to meet the curve, QR = AQ. 

1^. Die lines joining the extremities of conjugate diameters of 
a rectangular hyperbola are perpendicular to the asymptotes. 

1 The base of a triangle and the difference of its base modes 
being given the locus of its vertex is a rectangular hyperbola. 

-0- The circles described on parallel chords of a rectangular 
hyperbola are coaxal. 

21. If a rectangular hyperbola circumscribe a triamde, the 
pedal triangle is a self-conjugate one. 

At aii y P oi,,t of rectangular hyperbola the radius of 
curvature varies as CP\ and the diameter of the curve is equal to 
the central chord of curvature. 

*~M. At any point of a rectangular hyperbola tlie normal chord 
is equal to the diameter of curvature. 

24. PA is drawn perpendicular to an asymptote of a rectangular 
hyperbola from any point P on it, the chord of curvature aloii" PiY 

CP- ° 

is equal to . 
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O RT HOGO X A L PR O J EOT I OX 

200. When the vertex of projection by means of which a 
gme ls projected from one plane p on to another plane tt is at a 
ve.y great distance from these planes, the lines joining com- 

to bet" 8 POln n S , m t! 0, ' ig,nal %Ure and lts P»j«»tion come near 
case m g uH What Cal > cylindrical projection is the 

plane bv f ^ ' IV ° n tllC P plane ilre P ro jected on to the 77 
plane by lines which are all drawn parallel to each other. We 

ir: 1 ciz c "° - .... 

In the particular case where the lines joining correspond in <>• 
pomts are perpendicular to the w plane on to which the figme 

is sahi to belhe 8 ^ fi * Ure ^he vr plane 

° b0 th ° orth ° 9 onal projection of the original figure 

Points 111 space which are not necessarilv in m 1 

ti,: r- 

“ £2t “ - -“-p-r;: 

on to whirl th ° n Same Hne Perpendicular to the plane 
which the projection is made will have the same projection. 

perties tn? 1 wil1 be ^ewn how certain pro- 

L _ , 1C J. ellipse can be obtained from those of the circle, 

for, as we shall see, every ellipse is the orthogonal projection of 

orfchol 6 ' 1 ^ k neCeSSa ' T tC establish certain properties of 

orthogonal projection. 1 1 

201. It may be observed at the outset that in orthogonal 
projection we have no vanishing line as in conical projection. 
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Thc line at infinity in the p plane projects into the line at in¬ 
finity m the plane 7 r. This is clear from the fact that the 
perpendiculars to the 77 plane from points in it on the line at 
infinity meet they) plane at infinity. 

o°»a 1 projection of a parabola will 
be another parabola, and of a hyperbola another hyperbola, 

while the orthogonal projection of an ellipse will he another 
ellipse or in particular cases a circle. 


202 . 


The following propositions relating to orthogonal pro- 
jection are important: 

Prop. The projection of a straight line is another straight 
line. 

i hi.> is obvious from the fact that orthogonal is only a 

limiting ease of conical projection. It is clear that the line in 

the 7 r plant* which will be the projection of a line / will be that 

in which the plane through l and perpendicular to the plane 7 r 
cuts this 7 r plane. 


203. Prop. Parallel straight lines project into parallel 
straight lines , and in the same ratio as regards their length. 

Let A H and VI) be two lines in space parallel to one another. 
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Then ab and cd must be parallel, for if they were to meet in 
lndCD P ’ P W ° Uld be th ° P r °j ection of * I-int common to AB 

m JZ dl ' a J and CY; P aralk ‘ ! Actively to ab and erf to 

o th ft v m ^ an<1 Th ° n A " bF '* « parallelogram 

o that ( ,6, and similarly C'fr = c rf. 

Now since AB is parallel to CD, and AF to C'<7 (for these 

aie respectively parallel to ab and erf which we have proved to 

be para! el), the angle FAB = the angle CCD ■ and the angles at 
* an,! O are right angles. 

AAFB is similar to A CGD. 

AF: CG = AB : CD. 

: ccl= AB :CD. 

COR. Lengths of line lying along the same line are projected 
in the same ratio. 1 J 

t0 , 204 ' Pr ° P - If . 1 *'» the p plane parallel 

p intersection with the tt plane, the orthogonal projection of l 

on ir will be a line parallel to and of the same length as l. 
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Draw AC and 1ID perpendicular to the line of intersection 
of p and 7 r. 

Then ACDB is a parallelogram. 

Also since An and Bb are perpendicular to tt, G'u and Db are 

perpendicular to CD and therefore they are parallel to each 
other. 

Further AACa=ABDb 

for A C = HD, z A aC= z BbD 

and Z A Cu = z BDb for AC and Cu are parallel to BD and Db- 

. •. Cu = Db. 

. . as Cu and Db are parallel, CDbu is a parallelogram. 

ub = CD = AB. 


205. Prop. A hunted line m the p plane perpendicular to 

the hue of intersection of p and tt will project into a line also 

perpendicular to this line of intersection and whose length will 

bear to the original line a ratio equal to the cosine of the angle 
between the planes. 

Let AB be perpendicular to the intersection of p and tt, and 
let its line meet it in C. 



Let ah be the orthogonal projection of AB. 

Then ab and AB meet in C, and ab : AB = ac: AC 

= cos aCA 
= cos ( z between p 

and 7r). 
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206 Prop. A closed figure on the p plane will project into 
U d0 * ed fid«re whose area will bear to that of the ori final fan re 
" mtW e, J t,al t0 the cosine of the angle between the planes ' 



207. fhe ellipse as the orthofJonal projectwii „ 

dli£* • r ordinates of an 

another, via Bc Tc * " * COnstent to one 
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It is clear that the lines joining each point on the ellipse to 
the new position of the point corresponding to it on the auxiliary 
circle will be perpendicular to the plane of the ellipse. 

Ihus the ellipse is the orthogonal projection of the circle in 
its new position. 

Certain properties of the ellipse then can be deduced from 
those of the circle by orthogonal projection. We proceed to 
some illustrations. 

208. Prop. If ( 1 I ) and CD be a pair of conjugate semi- 
diameters of an ellipse, and CP', CD ' another such pair, and the 
ordinates P'M, D'N be drawn to CP, then 

P'M : CN = 1) 'N : CM = CD: CP. 

For let the corresponding points in the auxiliary circle 

BC 

adjusted to make an angle cos'* with the plane of the ellipse, 
be denoted by small letters. 




Then Cp and Cd are perpendicular radii as are also Cp' and 
Pd\ and pm, d'n being parallel to Cd will be perpendicular to 
Cp, and we have 

A Cmp = A d'nC. 
pm: Cd = Cn : Cp 
and d'n : Cd = Cm : Cp. 

.-. by § 203 

P'M: CD = CN: CP 
D'N : CD = CM : CP. 

.•. P'M : CN = CD: CP = D'N: CM. 
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OR! HOG OX A I, PROJECTION 
* 09 : Pr ° P : Jf the at a point 1> of „„ ellipse meet 

to v c?:z TrprJcT 9 7W Tci) i,e 

For m the corresponding figure of the circle ft and CY ire 
at light angles, and Cp is perpendicular to tf. 

V 



• tp.pt' 

tp:Cd 
•• TP : CD 

. TP.PT 



t 


Cp-=C ( p 
Cd: pt\ 

CD : PT'. 


= CD-. 

CA 2 and ^ . c'^ IT ° f elli P se v -hose semi-axes are 
lm the cll^ise is the orthogonal projection of its auxiliary 

t0 * ,Wke an a '^ Ie I*"'i* that of the ellipse. 

• • Ai’Gci of elhnso • A /a#* • i • 

I . Ai ea of auxiliary circle = BC : A C (§ 2062. 

■ "• Area of ellipse = vr . BC. AC. 

Plane p on ^another plane anelT^’ 1 f “ circle f rom " 
parallel to the intersection of » 7 dhpS . e wlwse ma jor axis is 

of the circle. "" d 77 ’’ and e< l"»l to the diameter 

the p and tt planes^ dlamC ‘ tL ' r ° f fche clrcle " hich is parallel to 


Let A A' project into aa' equal to it (§ 204). 
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ORTHOGONAL PROJECTION 


Let PX be an ordinate to the diameter A A' and let pn be 
its projection. 

pn = 1 } X cos a where a is the Z between p and 7 r, and p)t 
is perpendicular to att' (§ 205). 

Now ptr : an . na = PX - cos* a : H i\ r . ' 

= c< >s* a : 1. 


Hence the locus of p is an ellipse having a a’ for its major 
axis, and its minor axis = ho' x cos a. 

I 

The eccentricity is easily seen to be sin a. ‘ ' 

. V - 

Cor. 1 . Two circles in the same plane project orthogonally 
into similar and similarly situated ellipses. 

For their eccentricities will be equal and the major axis of 

/ 

the one is parallel to the major axis of the other, each being 
parallel to the line of intersection of the planes. 

(’or. 2 . Two similar and similarly situated ellipses are the 
simultaneous orthogonal projections of two circles. 


EXERCISES 


1. The locus of the middle points of chords of an ellipse which 
pass through a fixed point is a similar and similarly situated ellipse. 

2. If a parallelogram be inscribed in an ellipse its sides are 
parallel to conjugate diameters, and the greatest area of such a 
parallelogram is HC. AC. 

3. If P(J be any chord of an ellipse meeting the diameter con¬ 
jugate to CP in 7\ then PQ.PT='2CR S where CR is the semi¬ 
diameter parallel to PQ. * 

4. If a variable chord of an ellipse hear a constant ratio to the 
diameter parallel to it, it will touch another similar ellipse having 
its axes along those of the original ellipse. 

5. The greatest triangle which can be inscribed in an ellipse 
has one of its sides bisected by a diameter of the ellipse and the 
others cut in points of trisection by the conjugate diameter. 
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6. If a straight line meet two concentric, similar and similarly 

situated ellipses, the portions intercepted between the curves are 
equal. 

7. The locus of the points of intersection of the tangents at the 

extremities of pairs of conjugate diameter is a concentric, similar 
and similarly situated ellipse. 5 

CJJ be conjugate semi-diameters of an ellipse, and 
Jil, BI) be joined, and AI), A / ) intersect in 0, the figure BD01* 

will be a 

parallelogram. 

9. Two ellipses whose axes are at right angles to one another 
intersect in four points. Shew that any pair of common chords 
will make equal angles with an axis. 

10. Shew that a circle of curvature for an ellipse and the 

ellipse itself can be projected orthogonally into an ellipse and one of 
its circles of curvature. 
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/ CHAPTER XVI 

CROSS-RATIO PROPERTIES OF CONICS X 

212. Prop. If A, B, C, D be four fixed points on a conic, 
and P a variable point on the conic, P (ABC D) is constant and 
equal to the corresponding cross-ratio of the four points in which 
the tangents at A , B, C, D meet that at P. 


d t c , b , a, p 



Project the conic into a circle and use corresponding small 
letters in the projection. 

Then P(ABCD) = p(abcd). 

But p(abcd) is constant since the angles apb, bpc, cpd are 
constant or change to their supplements jis p moves on the circle; 
therefore P(ABCD) is constant. 

Let the tangents at a, b, c, d cut that in p in a x ,b x , c x ,d x and 
let 0 be the centre of the circle. 


-1, we ha\ 


CROSS-RATIO PROPERTIES OF COVICS 9] ] 

Ihen Oa,, Ob,, Oc,, Od, are perpendicular to pa, pb, pc, pd. 

■ ■■p (abed) = 0 ( ct,b,c,d,) = (a,b,c,d,). 

F ( ABCF> ) = (A,B,C,D,). 

Cor. If A' be a point on the conic near to 

A' (ABCD) = P (ABCD). 

• ■ if AT be the tangent at A, 

A(TBCD) = P(ABCD). 

■ . In the special case where the pencil formed be 

joining any pent P on the conic to the four fixed points A B 

Ihus if P(ABCD) = -1, we say that A and 6' are harmonic 
conj agates to B and D. ' ' * 

Voinlfit, ullaL ’’I'( B ‘ h U "v-cMmar 

Let Q be a point such that 

Q(ABCD)= 1 J (A BCD). 



J, h ti ° n * f C .° niC th,OUgh the P° ints A, B, C, D, P does not 

pass through Q, let it cut QA in Q'. 

P (ABCD) = Q' (ABCD) by § 212. 

• V ( ABCD) = Q(ABCD ). 

Thus the pencils Q (A, B, C, D ) and f/ (A, B, C, D) are 
homographic and have a common ray QQ\ 


U—2 
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CROSS-RATIO PROPERTIES OF CONICS 


-> I . 
\& c ' 9 


Us 


11) ere to re (§04) they are coaxally in perspective; that is, 
-1, B, C, D are collinear. 

Hut this is contrary to hypothesis. 

Therefore the conic through A, B , C, D. P goes through Q. 

Tli us our proposition is proved. 

We see from the above that we may regard a conic through 
the five points -1, B , ( \ I), E as the locus of a point P such that 

P(ABCD) = E(ABCD). 

214. Prop. Th e envelope oj a line which cuts four non - 
concurrent coplan a r. fixed straight lines in four points forming_a 
range of constant cross-ratio is a conic touching the four lines. 

I his proposition will be seen, when we come to the next 
chapter, to follow by Reciprocation directly from the proposition 
<»f th<* last paragraph. 



The following is an independent proof. 

Let the line p cut the four non-concurrent lines </, h y c, d in 
the pointe A, B , C, 1) such that (A BCD) = the given constant. 
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Let the line q cut the same four lines in A' B' C />' mol, 

that {A'B-C D') = {ABCD). ' Mlc1 ' 

Then ,f q be not a tangent to the conic touching a, b, c, A „ 
fiom 4 inj draw q' a tangent to the conic. 

Let b, c, cl cut q in B", C", D”. 

(A'B"C"I)") = (ABCD) by § 212 

= {A'B'CD). 

'"*:?* s-irc^" ,„d A-BVD ' m ,I,|, 01 „„. 

g aphic and they have a common corresponding point. 

Therefore they are in perspective (§ which is contrary 
o our ypothesis that a, b, c, d. are non-concurrent. 

Thus q touches the sam ■ conic as that which touches 
o, c, a, p. 

And our proposition is established. 

„ r 215 Pr °P- If P(A, B, C, D) be a pencil in the plane of\ 

mc , and A lt B lt G\, D x the poles of PA, PB , PC PD with j 
respect to .S', then ' I 

P (ABCD) = (A,B l C,D,). 



We need only prove this in the case of a circle, into which 
as we have seen, a conic can be projected. 
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CROSS-RATIO PROPERTIES OF CONICS 


Let 0 be the centre of the circle. 

Then OA u 0B lt 0C Jt OD x are perpendicular respectively to 
PA, PR. PC, PL). 

••• P(ABCD) = 0(A l B l C l D l ) = (A l B l C l D i ). 

This proposition is of the greatest importance for the pur¬ 
poses of Reciprocation. 

We had already seen that the polars of a range of points 

form a pencil; we now see that the pencil is homographic with 
the range. 

I 

216. Pascal’s theorem. If a conic pats through six 
points A, B, C, D, E, F the opposite pairs of sides of each of the 
sixty different hexagons (s/s-sided figures) that can be formed 
with these points intersect in collinear points. 



• This theorem may be proved by projection (see Ex. 25, 
Chap. X). Or we may proceed thus: 

Consider the hexagon or six-sided figure formed with the 
sides AB , BC, CD, DE, EF, FA. 
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a 


The pairs of sides which are called opposite are A B and 1)F ■ 
BC and EF; CD and FA. 

Let these meet in X, Y, Z respectively. 

Let CD meet EF in H, and DE meet FA in C. 

Then since A ( BDEF) = C ( BDEF), 

(X DE Cr) = ( YU EF). 

These homographic ranges XDEC and YHEF have 
common corresponding point E. 

. . A 1 , DM and FC are concurrent 60) 
that is, Z, the intersection of DH and FC, lies on X 1". 

Ill us the proposition is proved. 

The student should satisfy himself that there are sixty 

different hexagons that can be formed with the six given 
vertices. i */..,! ? ~'K< 4c ■- ' 1 , . 

217. Brianchon’s theorem. If a conic be inscribed in a 
hexagon the lines joining opposite vertices are concurrent. 

This can be proved after a similar method to that of § 21b. 
and may be left as an exercise to the student. We shall content 
ourselves with deriving this theorem from Pascal’s by Recipro¬ 
cation. To the principles of this important development of 

modern Geometry we shall come in the chapter immediately 
following this. 

218. Prop. The locus of the centres of conics through four 

fixed points is a conic. ' 4 ' 


- P 





Let O be the centre of one of the conics passing through 
the four points A, B, C , D. 
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Let M x , M,,, 3/, , M x be the middle points of AB, BC, CD, DA 
respectively. 

Draw OM,, 03//, OM', OM' parallel to AB, BC, CD, DA 
respectively. 

Then 0M„ OM,’ - OM,, OM :; OM, , 0.1//; Oil/., Oil// are 
pairs of conjugate diameters. 

' form an involution pencil. 

0(M x mji,m a = o 

But the right-hand side is constant since 03/,', 03//&c. are 
in fixed directions. 


.\0(M x MM,M x ) is constant. 

.-. the locus of 0 is a conic through 3/,, 3/«, 3/.,, 3/ 4 . 


'k, ■ 


( oh. 1 . The conic on which 0 lies passes through 3/ a , 3/ fi 
the middle points of th<f other two sides of the quadrangle. 

I<or il 0,, 0 t , 0 :l , 0 it 0 a he five positions of 0. these five 
points lie on a conic through 3/,. 3/.. 3/ a , 3/, and also on a conic 
through 3/,, 3/>, 3/,. 3/„. 

But only one conic can he drawn through five points. 

Therefore 3/,, M. if M :t , 3/ 4 , 3/,, 3/, all lie on one conic, which 
is the locus of 0. 


Cor. 2. The locus of 0 also passes through P, Q, R the 
diagonal points of the quadrangle. 

For one of the conics through the four points is the pair of 
lines AB, CD ; and the centre of this conic is P. 

' So for Q and R. 

219. Prop. If 0\AA\ BB’, (V'\ be an involution pencil 
and if a conic be drawn through 0 to cut the ragsin A, A’, B, S', 
C, C , then the chords A A', BB', CC are concurrent. 

Let A A' and BB intersect in P. 

Project the conic into a circle with the projection of P for 
its centre. 

Using small letters in the projection, we see that aoa', bob' 
are right angles, being in a semicircle. 
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Hence the}’ determine an orthogonal involution. 

coc ' is a ri S ht angle ; that is, cc' goes through p. 
• • g oes through P. 



It will be understood that the points A A', BB ('C when 

joined to any other point on the conic give an involution pencil 
tor this follows at once by the application of § 212. 

A system of points such as these on a conic is called an 
' involution range on the conic. 

Ihe point P where the corresponding chords intersect is 
called the pole of the involution. 




J 

1. If (P, P'), (Q t (/) \ je pairs of l la rinonic points on a conic 
(see Note on §212), prove that the tangent at P and PP are 
harmonic conjugates to PQ and PC/. Hence shew that if PP he 
normal at P, PQ and PQ ’ make e<1 ual angles with PP . 

. t 'ri StniIght Une CUts il co,,iu at /'and P' and is normal 

at /. fl.e straight lines PQ and PQ' are equally inclined to PP 

and cut the conic again in Q and Q\ Prove that P Q and P Q arc 

harmonic conjugates to P'P and the tangent at P . 

3. Hheu that if the pencil formed by joining any point on a 

conic to four lixed points on the same be harmonic, two sides of the 

quadrangle formed by the four fixed points are conjugate to each 
other with respect to the conic. 
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1. The tangent at any point P of a hyperbola intersects the 
asymptotes in Af, and Af., and tlie tangents at the vertices in L x and 
prove that 

PM?= PL,. PL... 



• >. Deduce from Pascals theorem that if a conic passthrough 
tlx* vertices of a triangle the tangents at these points meet the 
opposite sides in collinear points. 

[lake a hexagon AA'PP'CC' in the conic so that A\ B\ C are 
near to A, //, (’.] 


<>. Cliven three points of a hyperbola and the directions of both 
asymptotes, find the point of intersection of the curve with a given 
straight line drawn parallel to one of the asymptotes. 


7. Through a fixed point on a conic a line is drawn cutting the 
conic again in P, and the sides of a given inscribed triangle in 
A j P, C. Shew that (PA'li'C) is constant. 

S. A , //, (\ 1) are any four points on a hyperbola; CK parallel 
to one asymptote* meets AD in K, and DL parallel to the other 
asymptote meets Cli in /,. Prove that KL is parallel to AH. 

il. The sixty Pascal lines corresponding to six points on a conic 
intersect three by three. 


10. Any two points D and E are taken on a hyperbola of which 
the asymptotes are CA and CP ; the parallels to CA and CP through 
l) and E respectively meet in Q ; the tangent at I) meets CP in It, 
and the tangent at E meets CA in T. Prove that T, Q, It are 
collinear, lying on a line parallel to DE. 

11. The lines CA and CP arc tangents to a conic at A and H, 
and I) and E are two other points on the conic. The line CD cuts 
A P in C, A E in //, and HE in K. Prove that 

CD- : CD- = CII . CK : (ill . CK. 

J\'l. Through a fixed point A on a conic two fixed straight lines 
AJ y A I' are drawn, S and S' are two fixed points and P a variable 
point on the conic; PS, PS' meet AI , AT in Q, Q' respectively, 
shew that QQ' passes through a fixed point. 

^.13. If two triangles be in perspective, the six points of inter¬ 
section of their non-corresponding sides lie on a conic, and the axis 
of perspective is one of the Pascal lines of the six points. 
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14. If two chords PQ t PC/ of u conic 

are e 0 Uj iHy inclined to the tangent at ] 
through a fixed point. 


through a fixed point P 
\ the chord (J(/ passes 


13 \ If the line * AP , BC, CD , DA touch a conic at P, (/ p. S 
respectively, shew that conics can he inscribed in the hexagons 
A PQCPS and BQPDSP. 


16 * r 1,ie tan » ent at P t0 an ellipse meets the auxiliary circle in 
l and Y ' A ^"A' is the major axis and S Y, ST the perpendiculars 
trom the foci. Prove that the points A , Y , Y\ A' subtend at any 

pmnt on the circle a pencil whose cross-ratio is independent of the 
position of P. 


17. If A, B be given points on a circle, and CD 


be 


a given 


diameter, shew how to find a point /> on the circle such thaV /V/ 
and PB shall cut CD in points equidistant from the centre. 
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CHAPTER XVII 


RECIPROCATION 


220. If we have a number of points P, Q, R, &c. in a plane 
anrl take the polars 7 , r, Szc. of these points with respect to 
a conic V in the plane, then the line joining any two of the 
points P and Q is, as we have already seen, the polar with 
respect to T of the intersection of the corresponding lines p 
and 7 . 

It will be convenient to represent the intersection of the 
lines p and 7 by the symbol ( pq ), and the line joining the points 

P and Q by (PQ). 

The point P corresponds with the line p, in the sense that 
P is the pole of p, and the line (PQ) corresponds with the point 
(pq) in the sense that (PQ) is the polar of (pq). 

1 hus if we have a figure F consisting of an aggregate of 
points and lines, then, corresponding to it, we have a figure F 
consisting of lines and points. Two such figures F and F' are 
called in relation to one another Reciprocal figures. The 
medium of their Reciprocity is the conic I\ 

Using § 215 we see that a range of points in F corresponds 
to a pencil of lines, homographic with the range, in F\ 
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221. By means of the principle of correspondence enun¬ 
ciated in the last paragraph we are able from a known property 
of a figure consisting of points and lines to infer another 
pioperty of a figure consisting of lines and points. 

The one property is called the Reciprocal of the other and 

the process of passing from the one to the other is known as 
Reciprocation. 

We will now give examples. 

., . , 2 . 22 '. We know thilt if tho vertices of two triangles ARC 

the I"* ire •*»' corresponding sides’ 
points A Y y A) (CA ) ’ (AB) {A B) '“femect in collinear 



N ° W lf we dr ' 1 " tht “ reciprocal figure, corresponding to the 
vertices of the triangle ABC , we have three lines a, b, c forming 

a triangle whose vertices will be (be), (ca), (ah). And similarly 
for A B C . J 


Corresporuling to the concurrency of (AA'), (BB') } (CC) in 

the figure F t we have the col linearity of (aa), (Ob'), (cc) in the 
figure F\ 


Corresponding to the collinearity of the intersections of 

( (F C ), (CA) (C A ), (AB) ( A'B') in figure F, we have the 
concurrency of the lines formed by joining the pairs of points 
(be) (b'c') t (ca) (ca), (ab) (ab') in the figure F\ 
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Thus the theorem of the figure F reciprocates into the 
following : 

If two triangles whose sides are ubc, a'b'c respectively be 
such that the three intersections of the corresponding sides are 
collinear, then the lines joining corresponding vertices, viz. 
(ab) and (ab') t {be) and (6V), (ca) and (c'a'\ are concurrent. 



Fig. /•". 

The two reciprocal theorems placed side by side may be 
stated thus: 

: 

Triangles in perspective are Cocucal triangles are in per - 
coaxal. spective. 


The student will of course have realised that a triangle 
regarded as three lines does not reciprocate into another triangle 
regarded as three lines, but into one regarded as three points; 
and vice versa. 


223. Let us now connect together by reciprocation the 
harmonic property of the quadrilateral and that of the 
quadrangle. 

Let a, b, c, d be the lines of the quadrilateral; A.B, (7, D the 
corresponding points of the quadrangle. 
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reciprocation 


The harmonic property of the quadrilateral is expressed 
symbolically thus: 

\(ab)(cd), < pr) ( pij )J = - I, . 

\(ad) (be), (pr) (<//•){ =-l, 

(or) (bd), ( p<i ) (tjr)] = - 1. 


The reciprocation gives 

(A R) (CD), (Pit) ( PQ)\ = - I, 
\(Ab)(BC), (PR)(QR)}=- 1, 
,(AC)(IWl (PQ){QIi )J =- 1. 


It these Ik* interpreted on the figure we have the harmonic 
property of the quadrangle, viz. that the two sides of the 
diagonal triangle at each vertex are harmonic conjugates with 
the two sides of the quadrangle which pass through that vertex.w 

The student sees now that the ‘diagonal points’ of a 
quadrangle are the reciprocals of the diagonal lines of the 
quadrilateral from which it is derived Hence the term 
‘ diagonal points.’ 


v224. Prop. An involution range reciprocates with respect 
to a conn; into an involution pencil. 

For l»*t the involution range be 

.1, A x ; 11 B x : C\ C\ &c. 

on a line p. 

The pencil obtained by reciprocation will be a , </,; b, b x \ 
c, c, &c..through a point P. 

Also < abca x ) = (.! IK A ,) 



* 



( n x b x c x u ) = ( A , Bfi x A ) by $ 215. 

{AHCA X )=(A X /J X (\A ) by § 7-S. 

• (tibeoti) = (</,/>,<y/). 


Titus the peiidilds in involution. 


225. Involution property of the quadrangle and 
quadrilateral. 

Prop. Any transversal cuts the pairs of opposite sides of 
a quadrangle in pairs oj points which are in involution. 

*\ % 



RECIPROCATION 

Let A BCD be the quadrangle (§ 76 ). 



A 



Let a transversal t cut 


the opposite pairs of sides AB, CD in E, E„ 

” •' AC, BD in F, F,’ 

AD, BC in G,G,. 


)} 




y y 


yy 

yy 


Let AD and BC meet in D. 


Then 


( GEFG t ) = A (GEFG,) 


= ( PBCG,) 

= D (PJiCG,) 

= {GF^EfiA 

= (G,E,F,G) by interchanging 

letters in pairs. 



(acj 



Hence E, E ,; F, F ,; 

A. O. 


G, G, belong to the same involution. 
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RECIPROCATION 


We have only to reciprocate the above theorem to obtain 
this other: 

The lines joining ant/ point to the pairs of opposite vertices of 
a complete quadrilateral form a pencil in involution. 

Thus in our figure T, which corresponds to the transversal t, 
joined to the opposite pail's of vertices (ac), ( hcl ); (ad), (be); 
( ah ). (cd) gives an involution pencil. 

226. Prop. The circles described on the three diagonals 
of a complete quadrilateral are coa.ral. 

Let AD, DC, CD, DA be the four sides of the quadrilateral. 

The diagonals are AC, HD, EF. 

Let V be a point of intersection of the circles on AC and 
HD as diameters. 

.-. A DC and HDD are right angles. 


E 



But PA, PC ; PD, PD ; PE, PF are in involution (§ 225). 
.*• by § K6 z EPF is a right angle. 

. \ the circle on EF as diameter goes through P. 
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“ ZSZ t'Tc* th ° *"' - 

That is, the three circles are coaxal. 

POmM ” f «* «"• *■*»* «f » ..ualri- 

the rfwmfbr PO,ntS “ SOm ° tinK ‘ 8 Calle<1 , 

•\y. .j^ 27 ' Desargues’ theorem. 

! ’ 0onics th '-° u 9h four gi ven poiuU ave cut h transversal 
ln }Mlrs belonging to the same involution. 



■A, ZVlttTZ'p*. CHt * C ° niC thn " lgh th * f '”"' P° i,,te 

»nT:r rS11 ' CUt tho tW ° I Jairs of opposite sides 
’ 'D , ^16, 7iZ) of the quadrangle in E E, • 7 7 tt 1 

\\r t * 1 i* 

" e now have 


(PEFPJ = yl (PEFP X ) 

= 4 ( PBCP X ) 

= ^ ( PBCP, ) by §212 
= {PF X E X P X ) 

— (P\k\F x P) by interchanging the 
letters in pairs. 

/J ' P ‘ be,on g to the involution determined by A’, E,- 


15—2 
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Thus all the conics through A BCD will cut the transversal 
t in pairs of points belonging to the same involution. 

Note that the proposition of § 225 is only a special case of 
Desargues’ theorem, if the two lines AD , BC be regarded as one 
of the conics through the four points. 

228. As we shall presently see, the reciprocal of Desargues’ 
theorem is the following: 

If conics touch four given lines the pairs of tangents to them 
from any point in their plane belong to the same involution 
pencil, namely that determined by the lines joining the point to 
the pairs of opposite vertices of the quadrilateral formed by 
the four lines. . . ■ ' 1 '* ! • ’’ 

Reciprocation applied to conics. 

229. We are now going on to explain how the principle of 
Reciprocation is applied to conics. 

Suppose the point P describes a curve S in the plane of the 
conic r, the line p , which is the polar of P with regard to T, 
will envelope some curve which we will denote by S'. 

Tangents to S' then correspond to points on S ; but we must 
observe further that tangents to S correspond to points on S'. 

For let P and P be two near points on S, and let p and p 
be the corresponding lines. 

Then the point (pp) corresponds to the line (PP ). 

Now as P' moves up to P, (PP) becomes the tangent to S 
at P and at the same time (pp ) becomes the point of contact 
of p with its envelope. 

Hence to tangents of S correspond points on S'. 

Bach of the curves S and S' is called the polar reciprocal of 
the other with respect to the conic V. 

230. Prop. If S be a conic then S' is another conic. 

Let A, B, C t D be four fixed points on S, and P any other 
point on S. 

Then P(ABCD) is constant. 
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But P{ABCD)= {(pa)(pb){pc){pd)\ by § 215. 
{(P (f )(pl>)(pc)(pd)\ is constant. 

ob! he envelo I Je of p is a conic touching the lines a, b, c, d 

vs 

Hence S' is a conic. 

This important proposition might have been proved as 
follows. 

S, being a conic, is a curve of the second order, that is 

straight lines in its plane cut it in two and only two points real 
or imaginary. 

Therefore S' must be a curve of the second class, that is a 
curve such that from each point in its plane two and only two 
tangents can be drawn to it; that is, S' is a conic. 

231. Prop. If S and S' be two conics reciprocal to each 
other wdh respect to a conic F, then pole and polar of S corre¬ 
spond to polar and pole of S' and vice versa. 

Let P and 1 U be pole and polar of S. 

[It is most important that the student should understand 
that TU is the polar of P with respect to S, not to F. The 
polar of P with respect to T is the line we denote by p.} 
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Let QR be any chord of# which passes through P ; then the 
tangents at Q and R meet in the line TU, at T say. 

Therefore in the reciprocal figure p and (tu) are so related 

that if any point (qr) be taken on p, the chord of contact t of 
tangents from it to S' passes through (tu). 

p and (tu) are polar and pole with respect to S'. 
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Cor. 1 . Conjugate points of S reciprocate into conjugate 
lines of S' and vice versa. 

Cou. 2. A self-conjugate triangle of S will reciprocate into 
a self-conjugate triangle of S'. 


232. We will now set forth 
parallel columns. 

1. If a conic be inscribed in 
a triangle(i.e. a three-side figure), 
the joining lines of the vertices 
of the triangle and the points of 
contact of the conic with the 
opposite sides are concurrent. 


some reciprocal theorems in 

tf a conic he circumscribed 
to a triangle (a three-point 
figure), the intersections of the 
sides of the triangle with the 
tangents at the opposite vertices 
are col linear. 



2. The six points of inter¬ 
section with the sides of a triangle 
of the lines joining the opposite 
vertices to two fixed points lie 
on a conic. 

3. The three points of inter¬ 
section of the opposite sides of 
each of the six-side figures formed 
by joining six points on a conic 
are collinear.— Pascal's theorem. 

4. If a conic circumscribe a 
quadrangle, the triangle formed 
by its diagonal points is self- 
conjugate for the conic. 


The six lines joining the 
vertices of a triangle to the 
points of intersection of the 
opposite sides and two fixed lines 
envelope a conic. 

The three lines joining the 
opposite vertices of each of the 
six-point figures formed by the 
intersections of lines touching 

O 

a conic are concurrent. — 
llrianchon's theorem. 

If a conic be inscribed in a 
quadrilateral, the triangle formed 
by its diagonals is self-conjugate 
for the conic. 
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233. Prop. The conic S' is an ellipse, parabola or hyper¬ 
bola, according as the centre of T is within . on, or without S. 

For the centre of T reciprocates into the line at infinity, and 
lilies through the centre of F into points on the line at infinity. 

Hence tangents to S from the centre of V will reciprocate 
into points at infinity on S', and the points of contact of these 
tangents to S will reciprocate into the asymptotes of S'. 

Hence if the centre of T be outside S, S' has two real 
asymptotes and therefore is a hyperbola. 

If the centre of F be on S, S' has one asymptote, viz. the 
line at infinity, that is, S' is a parabola. 

If the centre of T be within S, S' has no real asymptote and 
is therefore an ellipse. 

-—- 234. Case where F is a circle. 

If the auxiliary or base conic F be a circle (in which case we 

will denote it by C and its centre by (J) a further relation exists 

between the two figures F and F' which does not otherwise 
obtain. 

The P ularof a P° mt P with respect to C being perpendicular 
to OP, we see that all the lines of the figure F or F' are 

perpendicular to the lines joining 0 to the corresponding points 
of the figure F' or F. 

And thus the angle between any two lines in the one figure 
is equal to the angle subtended at 0 by the line joining the 
corresponding points in the other. 

In particular it may be noticed that if the tangents from 0 
to S are at right angles, then S' is a rectangular hyperbola. 

I 01 if 01 and OQ are the tangents to S, the asymptotes of 
S arc the polars of P and Q with respect to O, and these are 
at right angles since POQ is a right angle. 

If then a parabola be reciprocated with respect to a circle 
whose centre is on the directrix, or a central conic be recipro¬ 
cated with respect to a circle with its centre on the director 
circle, a rectangular hyperbola is always obtained. 

Fui ther let it be noticed that a triangle whose orthocentre 
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is at 0 will reciprocate into another triangle also having its 

orthocentre at 0. I his the student can easily verify for 
himself. 


235. It can now be seen that the two following propositions 
are connected by reciprocation : 

1* ^*e orthocentre of a triangle circumscribing a parabola 
lies on the directrix. 



1 hese two propositions have been proved independently 
(§§95,130). 


'j J < tv 


L»-t us now see how the second can be derived from the first 

by reciprocation. , 

_ **» 1 

Let the truth of (1) be assumed. 

Reciprocate with respect to a circle C having its centre 0 
at the orthocentre of the triangle. 

O 

Now the parabola touches the line at infinity, therefore the 
pole of the line at infinity with respect to C, viz. 0, lies on the 
reciprocal curve. 

And the reciprocal curve is a rectangular hyperbola because 
0 is on the directrix of the parabola. 

Further 0 is also the orthocei\tre of the reciprocal of the 
triangle circumscribing the parabola. 

Thus we see that if a rectangular hyperbola be circum¬ 
scribed to a triangle, the orthocentre lies on the curve. 

It is also clear that no conics but rectangular hyperbolas can 
pass through the vertices of a triangle and its orthocentre. 


236. Prop. If $ be a circle and we reciprocate with 
respect to a circle C whose centre is 0, S' will be a conic having 0 
for a focus. 3 v ’' L ** '' r< 

Let A be the centre of S. 

Let p be any tangent to S, Q its point of contact. 

Let P be the pole of p, and a the polar of A with respect 
to G. 

Draw PM perpendicular to a. 




reciprocation 



Then since AQ is 
theorem (§ 17) 


perpendicular to 


p, we have hy Sal 


moii 



OP = PM 
OA AQ • 


OP . OA 

* * /-> 1 / = the constant / ,. 
1 lU AQ 


Thus the locus of P which is a point on the reciprocal curve 

is a come whose focus is 0, and corresponding directrix the 
polar of the centre of S. 


f 



Smce the eccentricity of S' is ™ we see that S' is an 

eHipse parabda, or hyperbola according as 0 is within, on, or 
without aS. Ihis is in agreement with § 233. 

Cor The polar reciprocal of a conic with respect to a circle 
havmg ,ts centre at a focus of the conic is a circle, whose centre 
is the reciprocal of the corresponding directrix. 

H 237. Let us now reciprocate with respect to a circle the 
theorem that the angle in a semicircle is a right angle. 

Let A be the centre of S, KL any diameter, Q any point on 
the circumference. 

In the reciprocal figure we have corresponding to A the 
directrix a, and a point (Id) on it corresponds to (KL). 
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k and l are tangents from (kl) to S' which correspond to K 
and L , and q is the tangent to S' corresponding to Q. 



Now (QK) and {QL) are at right angles. 

Therefore the line joining (qk) and (ql) subtends a 
angle at 0 the focus of S'. 

Hence the reciprocal theorem is that the intercept on ant/ 
tangent to a conic between two tangents which intersect in the 
directrix subtends a right angle at the focus. 



\ 


( 


\> \ 238. Prop. A system of non-intersecting coaxal circles can 

be reciprocated into con focal conics. 

Let L and L be the limiting points of the system of circles. 

Reciprocate with respect to a circle C whose centre is at L. 

Then all the circles will reciprocate into conics having L for 


one focus. 

Moreover the centre of the reciprocal conic of any one of 
the circles is the reciprocal of the polar of L with respect to that 


circle. 
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o 


line through L perpendicular to the lino of centres ($ 22). 



.™ I i~,rt:r ipr ““ coni “ **" *—« 

*——.* ... t, „,e, 

239. We know that if t be a common tangent to two circles 

the coaxal system touching them at P and Q, PQ subtends a 
right angle at L. -morenils a 

Now reciprocate this with regard to a circle with its centre 

fide , the SySt ° m rcc 'P r °cate into confocal 

conics, the common tangent t reciprocates into a common point 

of the confocals, and the points P and Q into the tangents to 
the confocals at the common point. 

Hence confocal conics cut at right angles. 

This fact is of course known and easily proved otherwise. 
We arc here merely illustrating the principles of reciprocation. 

„ 24 . 0 -, f-° am ifc is knowri ( see Ex. 40 of Chap. XIII) that if 

£ an *■ be two c,rcIes - L on® of the limiting points, and Hand 
y points on S, and S, respectively such that PLQ is a right 
angle, the envelope of PQ is a conic having a focus at L. 

Now reciprocate this property with respect to a circle 
aving its centre at L. .S', and S., reciprocate into confocals with 
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L as one focus; the points P and Q reciprocate into tangents to 
£/ and *SY, viz. p and q, which will be at 
line (PQ) reciprocates into the point- (pq). 

As the envelope of (PQ) is a conic with a focus at L. it 
follows that the locus o f (pq) is a circle. 

Hence we have the theorem: 


right angles; and the 


If two tangents from a point T , one to each of two confocals, 
he at right angles , the locus of T is a circle. 

This also is a well-known property of confocals. 


241. We will conclude this chapter by proving two 

theoiems, the one having reference to two triangles which are 

self-conjugate for a conic, the other to two triangles reciprocal 
for a conic. 


Prop. If two triangles he self-conjugate to the same conic 
their sue vertices he on a conic and their six sides touch a conic. 



Let A PC, A'If O' be the two triangles self-conjugate with 
respect to a conic S. 

Project £ into a circle with A projected into the centre; 
then (using small letters for the projections) ah, ac are conjugate 
diameters and are therefore at right angles, and h and c lie on 
the line at infinity. 


Further a'h'c is a triangle self-conjugate for the circle. 

.'. a the centre of the circle is the orthocentre of this 


triangle. 
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Let a conic be placed through 
and b. 


the five points a', b\ c\ 


a 


This must be a rectangular hyperbola, since as we have seen 
no ecnncs but rectangular hyperbolas can pass through the 
eitices of a triangle and its orthocentre. 



. . c also lies on the conic through the five points named 
above, since the line joining the two points at infinity on a 
ioctangular hyperbola must subtend a right angle at any point. 

Hence the six points a, b, c, a, b\ c all lie on a conic. 

the six points A, U, C, A', //, C also lie on a conic. 

The second part of the proposition follows at once by 
reciprocating this which we have just proved. 

242. Prop. If two triangles are reciprocal for a conic, 

they are in perspective. */- , ~ 

Let ABO, A BC be two triangles which are reciprocal for 
the come S; that is to say, A is the pole of 7/C", B the pole of 

Vb, 7, P ° le ° f A B ' ; ;Uld consc, piently also A' is the pole 

Project S into a circle with the projection of A for its centre. 
u and O' are projected to infinity. 
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Using small letters for the projection, we see that, since a' 
is the pole of be, a a is perpendicular to be. 



Also since b is the pole of uc, ah' is perpendicular to ac ; 
bb which is parallel to ab' is perpendicular to ac. 

Similarly cc is perpendicular to ab. 

aa\ bb ', cc' meet in the orthocentre of the triangle abc. 

A A', BB', C(B are concurrent. 


EXERCISES 


1. If the conics S and *$" he reciprocal polars with respect to 
tin? conic F, the centre of S' corresponds to the polar of the centre 
of r with respect to S. 

2. Parallel lines reciprocate into points collincar with the centre 
of the base conic T. 


Shew that a quadrangle can be reciprocated into a parallelo¬ 


gram. 
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of tL R T ip, T lte With respect to an ^ con ' c the theorem : The loc us 

f P f S ° f a S lven li,le *-ith respect to conies passim, thnnmh 

tour fixed points is a conic. ° ou *' 1 

Exx R 5 CiP ^ C S e i Wi - th re8peCt t0 * Ci ' cle the «'«»*«» contained in 
i_,xx. o —VI inclusive. 

o. The perpendiculars from the vertices of a triangle on the 
opposite sides are concurrent. 

the noi,n h r f ta,1S r t t0 a CilC ' e iS perpendicu,ar to the radius through 
tnc point or contact. ^ 

7. Angles in the same segment of a circle are equal. 

8. The opposite angles of a quadrilateral inscribed in a circle 
are together equal to two right angles. 

9. The angle between the tangent at any point of a circle and 

« point - — - *•—- - -.- 

10. The polar of a point with respect to a circle is perpen¬ 
dicular to the line joining the point to the centre of the circle. ' 

11. The locus of the intersection of tangents to a circle which 
cut at a given angle is a concentric circle. 

12. Chords of a circle which subtend a constant amde at the 

centre envelope a concentric circle. ° 

eon, 1V ° C ,° ni , C ; S haVi " g d ° uble cont -^t will reciprocate into 
conics hav in" double contact. 

nin, 14 ^" A oircle ,V is reciprocated by means of a circle C into a 
c me 6 Prove that the radius of C is the geometric mean between 
the ladius of s and the seirn-latus rectum of ,S". 

In. Prove that with a given point as focus four conics can be 

drawn circumscribing a given triangle, and that the sum of the 

latera recta of three of then, will equal the latus rectum of the 
fourth. 

16. Conics have a focus and a pair of tangents common ; prove 
that the corresponding directrices will pass through a fixed point, 
and aIi tlie centres he on the same straight line. 

17. Prove, by reciprocating with respect to a circle with its 
centre at ,S’, the theorem : If a triangle A BC circumscribe a parabola 
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whose focus is .S', the lines through A , B , C perpendicular respectively 
to BA, SB, SC are concurrent. 

18. Conics are described with one of their foci at a fixed point 
.S', so that each of the four tangents from two fixed points subtends 
the same angle of given magnitude at S. Prove that the directrices 
corresponding to the focus .S’ pass through a fixed point. 

19. If 0 be any point on the common tangent to two parabolas 
with a common focus, prove that the angle between the other 
tangents from 0 to the parabolas is equal to the angle between the 
axes of the parabolas. 

20. A conic circumscribes the triangle A BC\ and has one focus at 
0, the orthocentre; shew that the corresponding directrix is perpen¬ 
dicular to 10 and meets it in a point A' such that JO . OX = AO . OD, 
where I is the centre of the inscribed circle of the triangle, and D is 
the foot of the perpendicular from A on BC. Shew also how to find 
the centre of the conic. 

21. Prove that chords of a conic which subtend a constant amde 
at a given point on the conic will envelope a conic. 

[Reciprocate into a parabola by means of a circle having its 
centre at the fixed point.] 

22. If a triangle be reciprocated with respect to a circle having 
its centre 0 on the circumcircle of the triangle, the point 0 will also 
lie on the circumcircle of the reciprocal triangle. 

23. Prove the following and obtain from it by reciprocation 
• a theorem applicable to coaxal circles: If from any point pairs of 

tangents p y p ; 7 , <]', be drawn to two confocals S x and *S>, the angle 
between p and 7 is equal to the angle between p and 7 '. 

24. Prove and reciprocate with respect to any conic the 
following: If ABC be a triangle, and if the polars of J, B y C with 
respect to any conic meet the opposite sides in l\ Q, ]{ y then 
l\ (J, R are col linear. 

25. A fixed point 0 in the plane of a given circle is joined to 
the extremities A and B of any diameter, and OA, OB meet the circle 
again in P and Q. Shew that the tangents at P and (J intersect on 
a fixed line parallel to the polar of 0. 

26. All conics through four fixed points can be projected into 
rectangular hyperbolas. 
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27. If two triangles be reciprocal f„r a conic Is -n.» (l ■ 

»* - 

tend ft <sl “’ v,h ,,f ” ellipse ,„l sll | ; _ 

° n^ie at the centre is a concentric circle. 

[Reciprocate with resneof to •• /-.i*. i i • 

centre of the ellipse.] ' U e ,avin ° ,ts centre at the 

29. ABC is a triangle, I its incentre • A B C rl 
contact of the incircle with the sides. Prove that U, P ■ ° f 
/ to the point of concurrency of A A BB CC 7 JOm, "« 

the line of collinearitv of fli • *. ^ ' ls Perpendicular to 

A,B„ AB. y ° f the ' nte, ' Sectl °- * »,C„ BC . < - j„ c>d ; 

[Use Ex. 27.] 
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CHAPTER XVIII 


CIRCULAR POINTS. 


FOCI OF CONICS 


243. We have seen that pairs of concurrent lines which are 
conjugate for a conic form an involution, of which the tangents 
from the point of concurrency are the double lines. 

Thus conjugate diameters of a conic are in involution, and 
, the double lines of the involution are its asymptotes. 

Now the conjugate diameters of a circle are orthogonal. 

Thus the asymptotes of a circle are the imaginary double 
lines of the orthogonal involution at its centre. 


But clearly the double lines of the orthogonal involution at 
one point must be parallel to the double lines of the orthogonal 
involution at another, seeing that we may by a motion of trans¬ 
lation , without rotation, move one into the position of the other. 

Hence the asymptotes of one circle are, each to each, parallel 
t<> the asymptotes of any other circle in its plane. 

Let a, b be the asymptotes of one circle C, a', b' of another 
O', then a, a' being parallel meet on the line at infinity, and b, 
1) being parallel meet on the lino at infinity. 

But a and a' meet C and 0 on the line at infinity, 

and b and // „ C and C 


Therefore C and C go through the same two imaginary points 
on the line at infinity. 

Our conclusion then is that all circles in a plane go through 
the same two imaginary points on the line at infinity. These 
two points are called the circular points at infinity or, simply, 
the circular points. 
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point^to ^ any P ° int are the llnes joining that 

nary'double Z7 “ d ^ ™ ^ W 

ary double lines of the orthogonal involution at that point. 

244 . Analytical point of view. 

noin^ f ^ h ? P the StUdCnt to think of th « circular lines at any 

aspect „f'ILt gr “’ f “ r " m ° mem ‘° ‘°" Ch "I"” th ' 

The equation of a circle referred to it., centre i, of the form 

•r 2 + y- = u\ 

The asymptotes of this circle are 

a?+ v* = 0. 


that is the pair of imaginary lines 

y = ix and y = — 

circ^ 686 tW ° lmeS are tHe Cireular llnes at the centre of the 

The points where they meet the line at infinity are the 
circular points. y 

If we rotate the axes of coordinates at the centre of a circle ■ 

through any angle, keeping them still rectangular, the equation j 

of the circle does not alter in form, so that the asymptotes will ' 

make angles tan- f) and tan- (- f) with the new axis of „ a / 
well as with the old. | 

This at first sight is paradoxical. But the paradox is ex¬ 
plained by the fact that the line y = « makes the same angle 
tan ( i ) with every line in the plane. 

For let y = mx be any other line through the origin. 

Then the angle that y = ix makes with this, measured in the 
positive sense from y = mx, is 

j (k£) - -- - -- - 

Prop. If AOB be an angle of constant magnitude 

nn ^ le tke circular P° ints > Me cross-ratios of the pencil 
U (V, SV, A , B) are constant. 
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For 


0 mp' I B) = sin n0n ' sin A0R 
. sin HOB sin AOll'* 


[ but the angles QOfl', QOB, AOlY are all constant since the 
circular lines make the same angle with every line in the plane, 
and Z A OB is constant by hypothesis. 

0 {CICl'AB) is constant. 

246. Prop. AH comes (Kissing through the circular points 
are circles. 

Let C be the centre of a conic S passing through the circular 
points, which we will denote by ft and f 

^ Then Ci'l, CQ' are the asymptotes of *S'. 

But the asymptotes are the double lines of the involution 
formed by pairs of conjugate diameters. 

And the double lines completely determine an involution, 
that is to say there can be only one involution with the same 

* J 

double lines. 

Thus the conjugate diameters of S are all orthogonal. 

Hence S is a circle. 

The circular points wag be utilised for establishing properties 
of conics passing through two or more fixed points. 

For a system of conics all passing through the same two 
points can be projected into circles simultaneously. 

This is effected by projecting two points into the circular 
points on the plane of projection. The projections of the conics 
will now go through the circular points in the new plane and so 
they are all circles. 

The student of course understands that such a projection is 
an imaginary one. 

\t\ 247. We will now proceed to an illustration of the use of 
the circular points. 

It can be seen at once that any transversal is cut by a system 
j of coaxal circles in pairs of points in involution (the centre of 
this involution being the point of intersection of the line with 
the axis of the system). . . ■ . ' 

* . 4 « k * i V » i I 
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From this follows at once Desargues' theorem (§ 227 ), namely 

that conics through four points cut any transversal in pairs of 
points in involution. 

For if we project two of the points into ,1 k- circular points 
the conics al become circles. Moreover the circles form a coaxal 
S}S em, tor they have two other points in common. 

Hence Desargues’ theorem is seen to follow from the involu- 
tion property of coaxal circles. 

The involution property of coaxal circles again is a particular 
case of Desargues theorem, for coaxal circles have four points 
"l common two being the circular points, and two the points in 
which all the circles are cut by the axis of the system. 

248. We will now make use of the circular points to prove 

,, f th ;° r0m: Ifa trianf J le be ^/-conjugate to a rectangular hyper- 
‘ bolu lts circumcircle passes through the centre of the hyperbola. 

Let 0 be the centre of the rectangular hyperbola, ABC the 
self-conjugate triangle, ft, <y the circillar points 

Now observe first that 0(10' is a self-conjugate triangle for 
the rectangular hyperbola. For 0(1, 0(1' are the double lines 
of the orthogonal involution at 0 to which the asymptotes, being 
at right angles, belong. Therefore Oil, OO' belong to the in¬ 
volution whose double lines are the asymptotes (§ 82 ), that is 
the involution formed by pairs of conjugate lines through O. 

0ft ’ 0n ‘ are con jugate lines, and 0 is the pole of .on' 
which is the line at infinity. ' 

•r 

. . Oflfl is a self-conjugate triangle. 

Also ABC is a self-conjugate triangle. 

/• the six P oints A > 0 , n, n' all lie on a conic (§ 241); 

and this conic must be a circle as it passes through 12 and fl ' 

A, B, C , 0 are concyclic. 

Con. If a rectangular hyperbola circumscribe a triangle, 
its centre lies on the nine-points circle. i 

This well-known theorem is a particular case of the above 
proposition, for the pedal triangle is self-conjugate for the 
rectangular hyperbola. (Ex. 21, Chapter XIV.) 
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249. Prop. Concentric circles have doable contact at in- 
finity. 

For if 0 be the centre of the circles, 12, fl' the circular 
points at infinity, all the circles touch GO. and Oil at the points 
12 and 12'. 

That is, all the circles touch one another at the points 
12 and 12'. 


250. Foci of Conics. 

Prop. Every conic has four foci , two of which lie on one 
axis of the conic and are real , and two on the other axis and are 
imaginary. 


Since conjugate lines at a focus form an orthogonal involution, 
and since the tangents from any point are the double lines of 
jj the involution formed by the conjugate lines there, it follows 
that, the circular lines through a focus are the tangents to the 
conic from that point. 

But the circular lines at any point go through 12 and fl' the 
circular points. 

Thus the foci of the conic will be obtained by drawing 
tangents from 12 and f2 to the conic, and taking their four 
points of intersection. 


Hence there are four foci. 


To help the imagination, construct a 
were real points. 


figure as if 12 and 12' 


Draw tangents from these points to the conic and let S, S', 
F, F be their points of intersection as in the figure; S, S' being 
opposite vertices as also F and F\ 


Let FF and SS' intersect in O. 

Now the triangle formed by the diagonals FF', SS' and f212' 
is self-conjugate for the conic, because it touches the sides of 
the quadrilateral. (Reciprocal of § 119 a.) 

.*. 0 is the pole of 121T, i.e. of the line at infinity. 

.*. 0 is the centre of the conic.* 
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Farther OOfl' is the diagonal, or harmonic, triangle of the 

quadr angle SS FF'. h 


0 (Q(r, FS) = - 1. 

OF an d OS are conjugate lines in 
Ofl and On are the double lines. 

• . OF and OS are at right angles. 


(§ 76 ) 

the involution of which 



And 01 and 0,S arc conjugate lines for the conic since the 
triangle formed by the diagonals FF\ 88', HQ'is self-conjugate 
for the conic; and 0 is, as we have seen, the centre. 

° F and °‘ S > bein & orthogonal conjugate diameters, are the 

axes. 

Thus we have two pairs of tbei, one on one axis and the 
other on the other axis. 

Now we know that two of the foci, say S and S', are real. 

It follows that the other two, /’and F\ are imaginary. For 

1 "f were real » the line FS would meet the line at infinity in a 
real point, which is not the case. 

F and F' must be imaginary. 

Cor. The lines joining non-corresponding foci are tangents 

to the conic and the points of contact of these tangents are 
concyclic. 
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251. Prop. A system of conics touching the sides of a 
quadrilateral can be projected into con focal conics. 

Let, A IK'D he the quadrilateral, the pail's of opposite vertices 
being A, C: B , D; E, F. 

Project. E and F into the circular points at infinity on the 
plane of projection. 

A, C and B, D project into the foci of the conics in the 
projection, by § 250. 

(_ OR. C on focal conics form a system of conics touching four 
lines. 

•V 

VC*' v 252. We will now make use of the notions of this chapter 
• to prove the following theorem, which is not unimportant. 

If the sides of two triangles all touch the same conic, the six 
vertices of the triangles all lie on a conic. 

Let ABC, A B C' be the two triangles the sides of which all 
touch the same conic <V. 

Denote the circular points on the 7r plane or plane of pro¬ 
jection by m, (o'. 



Project B and ( 1 into and ay'; .*. S projects into a parabola, 
since the projection of S touches the line at infinity. 

Further A will project into the focus of the parabola, since 
tlie tangents fi( m tlic focus go fcli rough the circular points. 
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Using corresponding small letters in the projection, we see 
that since the circmncircle of a triangle whose' sides touch a 
parabola goes through the focus, a, a//, c ’ are concyclic. 

• • (t , (i , b , c , co, co lie on a circle. 

. . A, B, C, A , B, C' lie on a conic. 

ihe converse of the above proposition follows at once bv 

reciprocation. ' * 

ilk 253 ' Ve haVe in the Preceding article obtained a proof of 
the general proposition that if the sides of two triangles touch 
a conic, their six vertices lie on another conic by the projection 

of what ,s a particular case of this proposition, viz. tliat the 

cncumcircle of a triangle whose sides touch a parabola passes 
through the focus. 1 

This process is known as generalising by projection. We will 
proceed to give further illustrations of it. 

o r i^u US dCn0t< : tllL ‘ c * lcu| ar points in the p plane by 
il, ll , and their projections on the -tt plane by co, co’. Then of 

course <u and co are not the circular points in the 7 r plane. But 

by a proper choice of the -tt plane and the vertex of projection 

“ a,1 . d “ ma >: be an - v tw ° P^nts we choose, real or imaginary. 
For ,f we wish to project fi and fT into the points and W in 

•space, we have only to take as our vertex of projection the 
point of intersection of the lines ell and co'Cl', and as the plane 
tt some plane passing through « and a/. 


' 255 . The foUowing are the principal properties 

figures in the p and tt planes when <1 and IT are projected into « 


connecting: 

O 


and 


v/l. Circles in the p plane project into conics through the 
points co and co in the 7 r plane. 

" 2 . Parabolas in the p plane project into conics touching the 
line coco in the 7 r plane. 

3. Rectangular hyperbolas in the p plane, for which, as we 

.have seen, n and IT are conjugate points, project into conics 
l having co and co' for conjugate points. 
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V 4. The centre of a conic in the p plane, since it is the pole 
of ftft', projects into the pole of the line ww' 

J 5- Concentric circles in the p plane project into conics 
having double contact at co and co' in the ir plane. 

r J (>. A pair of lines OA, OB at right angles in the p plane 
project into a pair of lines oa, ob harmonically conjugate with 
o(o, (ho . This follows fmm the fact that OH, Oft' are the 
double lines of the involution to which OA, OB belong, and 
therefore 0{AB, HIT) = — 1 (§<S2): fiotn which it follows that 

o (ab, (O(o') = — ]. 

Jl A conic with S as focus in the p plane will project into 
a conic touching the lines sa>, sco' in the 7 r plane. 

JAikI the two foci S and S’ of a conic in the p plane will pro¬ 
ject into the vertices of the quadrilateral formed by drawing 
tangents from (o and (o' to the projection of the conic in tin* 7 r 
, plane. «. 

256 It is of importance that the student should realise that 
(o and (o' are not the circular points in the tt plane when they 
are the projections of 12 and 12 '. 

In § 252 we have denoted the circular points in the 7 r plane 
by (o and co', but they are not there the projections of the circular 
points in the p plane. 

Our practice has been to use small letters to represent the 
projections of the corresponding capitals. So then we use a> and 
to' for the projection of 12 and 12' respectively. If ft and 12 are* 
the circular points in the /) plane, w and <o are not the circular 
points in the 7 r plane; and if co and co are the circular points in . 
the 7 r plane, ft and ft are not the circular points in the p plane. 
That is to say, only one of the pail's can be circular points at the 
same time. 


257. We will now proceed to some examples of general¬ 
isation bv projection. 

Consider the theorem that the radius of a circle to any point 
A is perpendicular to the tangent at A, 
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Project the circle into a conic through co and the centre 
0 of the circle projects into the pole of coco'. 



The generalised theorem is that if the tangents at two points 

w co of a come meet in c, and a be any point on the conic and 
a t the tangent there 

a ( tc, coco ) = — 1. 

\ * /• 

258. Next consider the theorem that angles in the same 
segment of a circle are equal. Let AQB be an angle in the 
segment of which AB is the base. Project the circle into a conic 
thiough co and a, and we get the theorem that if , y be any point 

c°o n nlnT( § 245y ^ ** f ° Ur ^ «• *■ - V <«*-'> - 



Ihus the property of the equality of angles in the same seg¬ 
ment of a circle generalises into the constant cross-ratio property 
of conics. ■ 

? \ j f 

in 




i el 


f -i 
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259. Again we have the property of the rectangular hyper 
bola that it' PQR be a triangle inscribed in it and having 
right angle at P, the tangent at P is at right angles to QR. 



Project t he rectangular hyperbola into a conic having co and 
fo for conjugate points and we get the following property. 

If p be any paint on a conic for which co and <o are con- 
jugate points and <p r tout other points on the conic such that 
p (gr, too)') = — 1 and if the tangent at p meet r/r in k then 

/• (ptj, (00)') = — I. 


260. Lastly we will generalise by projection the theorem 
that chords of a circle which touch a concentric circle subtend 
a constant angle at the centre. 
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™dtubf Q v e a Ch0r< ‘ ° f ’ th ° ° ,,tor circl * to»chin K th, inner 

and subtending a constant angle at <7 the centre. 

The concentric circles have double contact at the circular 

ioints n and fi and so project into two conics having double 
contact at o> and &>'. 

The centre C is the pole of Ofi' and so c, the projection of 
c > is the pole of wo/. 

The property we obtain by projection is then: 

If two comes have double contact at two points o> and <o' and 

If the tangents at these paints meet in c, and if pg be am, chard 

of the outer conic touching the inner conic, then c (pq w ,d) is 
constant. 11 


EXERCISES 

■ , V, If °, b< :‘ * 1,e cent,e of a 1 1, 12 ' the circular points at 

infinity, an, it 01212 be a self-conjugate triangle for the conic, the 
conic must be a rectangular hyperbola. 

2 If a variable conic pass through two given points /'and /" 

and touch two given straight lines, shew that the chord which joins 

thepomts of contact of these two straight lines will always meet 
FI* in a fixed point. J 

3. If three conics have two points in common, the opposite 
common chords of the conics taken in pairs are concurrent. 

Two co,,lcs and circumscribe the cpiadrangle A BCD. 
hrough A and Ji lines AEF, BGII are drawn cutting in E and G, 

and in F and //. Prove that CD, EG , Ell are concurrent. 

5. If a conic pass through two given points, and touch a given 

conic at a given point, its chord of intersection with the <dven conic- 
passes through a fixed point. ° 

6 . If Q, 12' be the circular points at infinity, the two imaginary 

foci of a parabola coincide with Q and 12 ', and the centre and second 

real focus of the parabola coincide with the point of contact of 12 W 
with the parabola. 


j 
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7. If a conic be drawn through the four points of intersection 
of two given conics, and through the intersection of one pair of 
common tangents, it also passes through the intersection of the other 
pair of common tangents. 

^ ro 'C that, it three conics pass through the same four points, 

a common tangent to any two of the conics is cut harmonically bv 
the third. 

9. Reciprocate the theorem of Ex. 8. 

10. If from two points P , P tangents be drawn to a conic, the 
four points of contact of the tangents with the conic, and the points 
P and P' all lie on a conic. 

[Project P and P into the circular points.] 

11. If out of four pairs of points every combination of three 
pairs gives six points on a conic, either the four conics thus deter¬ 
mined coincide or the four lines determined by the four pairs of 
points are concurrent. 

12 . Generalise by projection the theorem that the locus of the 
centre of a rectangular hyperbola circumscribing a triangle is the 

\ nine-points circle of the triangle. 

Id. Generalise by projection the theorem that the locus of the 
centre of a rectangular hyperbola with respect to which a given 
triangle is self-conjugate is the circumcircle. 

14. Given that two lines at right angles and the lines to the 
circular points form a harmonic pencil, iirid the reciprocals of the 
circular points with regard to anv circle. 

Deduce that the polar reciprocal of any circle with regard to any 
point 0 has the lines from 0 to the circular points as tangents, and 
the reciprocal of the centre of the circle for the corresponding chord 
of contact. 

15 Prove and generalise by projection the following theorem: 
The centre of the circle circumscribing a triangle which is self¬ 
conjugate with regard to a parabola lies on the directrix. 

16. P and /''are two points in the plane of a triangle A PC. 

1) is taken in UC such that BC and DA are harmonically conjugate 
with DP and DP' ; E and F are similarly taken in CA and AB 
respectively. Prove that AD, BE, CF are concurrent. 

17. Generalise by projection the following theorem: The lines 
perpendicular to the sides of a triangle through the middle points of 
the sides are concurrent in the circumcentre of the triangle. 

O 
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IS. Generalise : The feet of the perpendiculars on to tire sides 
or a triangle from any point on the circmncircle are collinear. 

!£>- If two conics have double contact at A and /!, and if PQ a 
chord of one of then, touch the other in R and meet All in T, then 

(PQ,RT)=- 1. 

20. Generalise by projection the theorem that confocal conics 
cut at right angles. 

„,vf„„ P ™; C and S eneraIise tliat the envelope of the polar of a 
«iven point for a system of confocals is a parabola touching the axes 

the confocals and having the given point on its directrix. 

t) „ ~ 2 '. ” ° f COn ‘ eS paSS tl,rou S h t**e four points A, 11, C, D 

' poles of the line A 11 with respect to them will lie on a line / 
Moreover if this line l meet CD in P PA and PJi art* \ 
conjugates of and l. ' 1 L are ,,armo,,,c 

23 A pair of tangents from a fixed point T to a conic meet a 
n.d fixed tangent to the conic in I.. and IP p is any poiut on 

°? the tangent nt P a I >oint X is taken such that 
) = - 1 i P rov e that the locus of X is a straight line. 

21. Defining a focus of a conic as a point at which each pair of 

conjugate lines is orthogonal, prove that the polar reciprocal of a 

circle with respect to another circle is a conic having the centre of 
the second circle for a focus 
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i 261. We have already in § 13 explained what is meant by 
two ‘inverse points’ with respect to a circle. 0 being the centre 
of a circle, P and P' are inverse points if they lie on the same 
radius and OP. OP' = the square of the radius. P and P' are 
on the same side of the centre, unless the circle have an imag¬ 
inary radius, = ik, where k is real. 

As P describes a curve S, the point P' will describe another 
curve S'. S and S' are called inverse curves. O is called the centre 
of inversion , and the radius of the circle is called the radius oj 
inversion. 

If P describe a curve in space, not necessarily a plane curve, 
then we must consider P as the inverse of P with respect to 
a sphere round 0. That is, whether P be confined to a plane or 
not, if 0 be a fixed point in space and P' be taken on OP such 
that OP .OP' = a constant k 1 , P is called the inverse of P, and 
the curve or surface described by P is called the inverse of that 
described bv P\ and vice verso. 

It is convenient sometimes to speak of a point P as inverse 
to another point P with respect to a point 0. By this is meant 
that 0 is the centre of the circle or sphere with respect to 
which the points are inverse. 

(}' v r 262. Prop. The inverse of a circle with respect to a point 
in its plane is it circle or straight line. 

First let 0, the centre of inversion, lie on the circle. 

Let k be the radius of inversion. 


%? 
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Draw the diameter OA, let A' be the inverse of A 
Let P be any point on the circle, P' its inverse. 
Then OP .OP' = k- = OA . OA '. 

PAA'P' is cyclic. 


257 



the angle A A f P' is the supplement of APP\ which is a 
right angle. 

• A'P is at right angles to A A'. 

the locus of P' is a straight line perpendicular to the 
diameter OA, and passing through the inverse of A. 


Next let 0 riot be on the circumference of the circle. 
Let P be any point on the circle, P' its inverse. 

Let OP cut the circle again in Q. 

Let A be the centre of the circle. 

Then OP . OP' = 

and OP . 0Q = sq. of tangent from 0 to the circle = t 2 (sav). 

OP' & 

OQ ~ V 


Take B on OA such that 
and BP' is parallel to AQ. 


OB ^ k 2 
OA ~ t? * 


B is a fixed point 


a. o. 
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And 


BP' 

AQ 


OB 

OA 



a constant. 


P' describes a circle round B. 


Tims the inverse of the circle 


is another circle. 



Cor. 1. The inverse of a straight line is a circle passing 
through the centre of inversion. 

CoR. 2. If two circles be inverse each to the other, the 
centre of inversion is a centre of similitude (§ 25); and the radii 
of the circles are to one another in the ratio of the distances 
of their centres from 0. 

The student should observe that, if we call the two circles 
S and S\ and if OPQ meet S' again in Q\ Q' will be the inverse 
of (}. 

Note. The part of the circle S which is convex to 0 corre¬ 
sponds to the part of the circle S' which is concave to 0 , and 
rice versa. 

Two of the common tangents of S and S' go through 0, and 
the points of contact with the circles of each of these tangents 
will be inverse points. 

263. Prop. 'The inverse of a sphere noth respect to any 
point is a sphere or a plane. 

This proposition follows at once from the last by rotating the 
figures round OA as axis; in the first figure the circle and line 
will generate a sphere and plane each of which is the inverse of 
the other; and in the second figure the two circles will generate 
spheres each of which will be the inverse of the other. 
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264. Prop. The inverse of a circle with respect to a point 

(J, not in its plane, ?.s a circle. 

For the circle may be regarded as the intersection of two 
spheres, neither of which need pass through 0. 

These spheres will invert into spheres, and their intersection 
which is the inverse of the intersection of the other two spheres’, 
that is of the original circle, will be a circle. 

r 265 Pr °P‘ A circle will invert into itself with respect to 
a point 0 in its plane if the radius of inversion be the length of 
the tangent to the circle from the centre of inversion. 


T 



This is obvious at once, for if OT be the tangent from 0 and 

UJ V cufc the circle in P and Q, since OP . QQ = C)T- it follows 
that P and Q are inverse points. 

lhat is, the part of the circle concave to 0 inverts into the 
part^vhich is convex and vice versa. 

Cok 1 . Any system of coaxal circles can be simultaneously 
inverted into themselves if the centre of inversion be any point 
on the axis of the system. 

Cor 2 . Any three coplanar circles can be simultaneously 
inverted into themselves. 


For we have only to take the radical centre of the three 

circles as the centre of inversion, and the tangent from it as the 
radius .^ ' • 


17—2 
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266." Prop. 7W coplanur curves cut at the same angle as 
/their inverses with respect to ang point in their plane. 

Let P and Q be two near points on a curve .S', P'and Q' their 
inverses with respect to 0. 


Q' 



Then since OP. OP' = /.* = OQ. OQ\ 

QPP’Q' is cyclic, 
z OPQ = z OQ P'. 

N(jw let (J move up to P so that PQ becomes the tangent to 
8 at P\ then (/ moves up at the same time to P' and P'Q' 
becomes the tangent at P ' to the inverse curve S'. 

i the tangents at P and P' make etpial angles with OPP/ 
V The tangents however are antiparallel, not parallel. 


X T , 

\ 




\\ 





Now ii' we have two curves S x and 8, intersecting at P, and 
PT U PT, be their tangents there, and if the inverse curves be 
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S l3 S 2 intersecting at P\ the inverse of P, and P 7\' p r f 1 )( * 
^ e i r pr gen ^'p^! OWS at ° nce fl0,n bhv :,b "^ ^ning that 

Thus S, and S. 2 intersect at the same angle as their inverses. 

Cor. If two curves touch at a point P their inverses touch 
at the inverse of P 


circle S', and 


JP' Pro P- If a circle S be inverted into a 
P, Q be inverse points with respect to S, then P' and Q', the in¬ 
verses of P and Q respectively , will be inverse points with respect 

Let 0 be the centre of inversion. 


Q’ 



Since P and Q are inverse points for ,S, therefore S cuts 

orthogonally every circle through P and Q, and in particular the 
circle through 0, P, Q. 

Therefore the inverse of the circle OPQ will cut S' ortho¬ 
gonally. 

But the inverse of the circle OPQ is a line; since O, the 
centre of inversion, lies on the circumference. 

Therefore P'Q' is the inverse of the circle OPQ. 

Therefore P'Q' cuts S' orthogonally, that is, passes through 
the centre of S’. ° 

Again, since every circle through P and Q cuts S orthogonally, 

it follows that every circle through /-"and Q'cuts S' orthogonally 

(§ 266 ). ° * 
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Therefore, if A, be the centre of S', 

A,P'. A i Q' = square of radius of S'. 

Hence P' and Q' are inverse points for the circle S'. 

% 

268. Prop. A system oj non-intersecting cotixal circles can 
be inverted into concentric circles. 


The system being non-intersecting, the limiting points L and 
L ' are real. 

Invert the system with respect to L. 

Now L and L being inverse points with respect to each 
circle of the system, their inverses will be inverse points for 
each circle in the inversion. 

But L being the centre of the circle of inversion, its inverse 
is at infinity. Therefore L must invert into the centre of each 
of the circles. 

269. Feuerbach^ Theorem. 

The principles of inversion may be illustrated by their 
application to prove Feuerbach’s famous theorem, viz. that the 
nine-points circle of a triangle touches the inscribed and the three 
escribed circles. 

Let ABC be a triangle, / its incentre and /, its ecentre 
opposite to A. 

Let M and M , be the points of contact of the incircle and 
this ecircle with BC. 

Let the line AIl x which bisects the angle .1 cut BC in R. 

Draw AL perpendicular to BC. Let 0, P, U be the circum- 
centre, orthocentre and nine-points centre respectively. 

Draw 01) perpendicular to BC and let it meet the circum- 
ciycle in K. 

Now since BI and Bf are the internal and external bisectors 
of angle B, % 

.-. ( AR , //,) = - 1 , 

L(AR, //,) = -1. 

.*. since RLA is a right angle, LI and LI X are equally in¬ 
clined to BC (§ 27. Cor. 2). ;• [ |\ 7 U 

^ I LT * i~ > 0 Lk A ^ "IL* I (,*>»' O'f.x*. ] - 


V 
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the P olars ot ' L with regard to the incircle and the ecircl. 
will be equally inclined to BC. 

Now the polar of L for the incircle goes through d/and that 
tor the ecircle through M,. 

Let MX be the polar of L for the incircle cutting OD in A". 



Then since D is the middle point of MM, (§ 12, Cor.) 

axm,d=a xmd. 

XM,D = z XMD. 

^ * s ^he polar of L for the ecircle, i.e. L and X are 
conjugate points for both circles. 

Let N be the middle point of XL , then the square of the 
tangent from N to both circles = NX- = ND- 
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X >s ">'■ the radical axis of the two circles: but so also is 
I) since DM = DM,. 

ND is tJie radical axis, and this is perpendicular to //,. 

Now the pedal line of K goes through D, and dearly also, 

muc- K is on the bisector of the angle A, the pedal line must 
l>e perpendicular to AK. 

• DN is the pedal line of K. 

Hut the pedal line of K bisects KP. 

• . A A P is a straight line and N its middle point. 

And since L is the middle point of OP. UN = ^0J\. 

J\ is a point on the nine-points circle. 

Now invert the nine-points circle, the incircle and ecircle 
with respect to the circle whose centre is N and radius ND or 

NL. 

'rile two latter circles will invert into themselves; and the 
nine-points circle will invert into the line BC\ for N being on the 
nine-points circle the inverse of that circle must be a line, and 
& and L, points on the circle, invert into themselves, DL is 
the inverse of the nine-points circle. 

Hut this line touches both the incircle and ecircle. 

the nine-points circle touches both the incircle and 

(•circle. 

Similarly it touches the other two ecircles. 

Cor. The point of contact of the nine-points circle with 
the incircle will be the inverse of M, and with the ecircle the 
inverse of M,. 


EXERCISES 

j 1* Prove that a system of intersecting coaxal circles can be 
< inverted into concurrent straight lines. t 

2. A sphere is inverted from a point on its surface; shew that 
to a system of meridians and parallels on the surface will correspond 
two systems of coaxal circles in the inverse figure. 

[See Ex. 10 of Chap. II.] 
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3. If A, B, c, D be four collinear points, and ,1/>” (" D the 
four points inverse to them, then ’ ’ 

AC. BD A t" . BD 
AB . CD ~ A'B'. CD" 

and 4 /- a r i,U in P ' ane ° f a s - vste "' ° f coaxal c ircles, 

o£ the’’ X . /! 1,1Ve, ' SeS With ,es P ect to t>ie different circles 

3 - tern, / o, /X etc. are concyclic. 

cirefes 5' h be “ flxed P™* hl the P>ane of a system of coaxal 
/-' the f “TX ^ " ith res P ect to a circle of the system, 
resne t J nverse °f / with respect to another circle, J"" of P" with 
pect to another and so on, then P\ P", />'■' &c . are concyclic. 

point p 0/> ’ H 0Q \ a ? tWO cho,<ls of » ^rcle and 0 is a fixed 

POO RO<?- °r S ° f thC 0thei ’ -tersection of the circles 

1 U V’ 1 OQ is a second fixed circle. 

circles ofT that , the ’' eSUlt ° f inverti »* at any odd number of 
circles of a coaxal system is equivalent to a single inversion at one 

to iet SySte,n ’■ and detCrmine the cirde "Well i* so equivalent 
to three given ones in a given order. M 

prn *!?" that if tl,e ciroles in verse to two given circles A CP, 
BCD with respect to a giver, point P be equal, the circle PCD bisects 

(internally and externally) the angles of intersection of the two 
given circles. 

Of !' • T h ‘Tc irC i». Cat ° ne a,,0tl,er 01 ' tho go“‘*lly at the three pairs 

CV i prove that *■«*• *»c, 

r 1 .°' „ Pr ° Ve that i£ the nine-points circle and one of the angular 
pomts of a triangle be given, the locus of the orthocentre is a circle. 

11. Prove that the nine-points circle of a triangle touches the 
inscribed and escribed circles of the three triangles formed bv joining 
the orthocentre to the vertices of the triangle. 

* 12 * ^ e figures inverse to a given figure with regard to two 

circles C, and C 2 are denoted by S t and S a respectively ; shew that if 

V a ?u • CUt ortho S onall y> the inverse of S t with regard to C is 
also the inverse of S 2 with regard to C x . 

' l C ( A ’ Ji ’ c be tl,ree coJli near points and O any other point, 
shew that the centres P, Q, 1{ G f the three circles circumscribing 
the triangles OBC, OCA, OAB are concyclic with 0. 

Also that if three other circles are drawn through O, A; O, fi: 

O, C to cut the circles OBC, OCA, OAB respectively, at right 
angles, then these circles will meet in a point which lies on the 
circumcircle of the quadrilateral OPQR. 
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14. Shew that if the circle PA B cut orthogonally the circle 
PCD ; and the circle PAC cut orthogonally the circle PBD ; then 
the circle PAD must cut the circle PBC orthogonally. 

15. Pr •ovc the following construction for obtaining the point 
of contact of the nine-points circle of a triangle ABC with the 
incircle : 

The bisector of the angle A meets /><' in //. From II the other 
tangent II Y is drawn to the incircle. The line joining the point of 
contact Y of this tangent and D the middle point of BC cuts the 
incircle again in the point required. 

1 »i. Given the circumcircle and incircle of a triangle, shew that 
the. locus of the centroid is a circle. 

17. J, />, C are three circles and n, A, their inverses with 
respect to anv other circle. Shew that if A and B are inverses with 
respect to (\ then a and A are inverses with respect to c. 

IS. A circle S is inverted into a line, prove that this line is the 
radical axis of S and the circle of inversion. 

19. Shew that the angle between a circle and its inverse is 

*_* 

bisected l>v the circle of inversion. 

20. The perpendiculars, BM y CX to the sides of a triangle 
ABC meet in the orthocentre A'. Prove that each of the four circles 
which can be described to touch the three circles about I\MAN y 
KSBLj KLCM touches the circumcircle of the triangle ABC. 

[Invert the three circles into the sides of the triangle by means 
of centre A', and the circumcircle into the nine-points circle.] 

21. Invert two spheres, one of which lies wholly within the 
other, into concentric spheres. 

22. Examine the particular case of the proposition of 151, 
where O the centre of inversion lies on .N\ 

23. If A r P y C be three collinear points, and if P\ </ be the 
inverses of I\ with respect to <)y and if P (/ meet OA in .1,, then 

AP.AQ <>A- 
A x r . -V/ oa }' 

24. A circle is drawn to touch the sides J/>\ AC of a triangle 
ABC and to touch the circumcircle internally at E. Shew that AE 
and the line joining A to the point of contact with BC of the ecircle 
opposite to A are equally inclined to the bisectors of the angles 
between AB and AC. 

[Invert with A as centre so that C inverts into itself.] 
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SIMILARITY OF FIGURES 


270. Homothetic Figures. 

If F be a plane figure, which we may regard as an assemblage 
of points typified by P, and if 0 be a fixed point in the plane, 
and if on each radius vector OP, produced if necessary, a point 
P' be taken on the same side of O as P such that OP : OP' is 
constant (=/».’), then P' will determine another figure F' which 
is said to be similar and similarly situated to F. 

Two such figures are conveniently called, in one word, 
homothetic, and the point O is called their homothetic centre. 

We see that two homothetic figures are in perspective, the 
centre of perspective being the homothetic centre. 


271. Prop. The line joining two points in the figure F is 

parallel to the line joining the corresponding points in the figure 

l 1 which is homothetic with it, and these lines are in a constant 
ratio. 

For if P and Q be two points in P, and P', (f the corre¬ 
sponding points in F', since OP : OP' = OQ : OQ' it follows that 

PQ and P'Q' are parallel, and that PQ: P'Q' = OP : OP' the 
constant ratio. 

In the case where Q is in the line OP it is still true that 
PQ : P'Q ' = the constant ratio, for since OP : OQ = OP': OQ' 

OP :OQ- OP = OP ': OQ' - OP ' 
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OP:PQ=OP' : p'(f. 
PQ : P'Q ' = OP : OP . 



o o 


Colt. If the figures /’and F he curves S and S' the tangents 
tn them at corresponding points P and P' will bo parallel. For 
the tangent at P is the limiting position of the line through P 
and a near point Q on S, and the tangent at P' the limiting 
position of the line through the corresponding points P'and Q’. 


272 Prop. The homothetic centre of two homothetic figures 
is determined by two pairs of corresponding points. 

V 

For if two pail’s of corresponding points P, P ; Q, Q' be given 
0 is the intersection of PP' and (JQ\ 

Or in the case where Q is in the line PP\ 0 is determined 
in this line by the equation OP: OP' = PQ : P'Q\ 

The point 0 is thus uniquely determined, for OP and OP’ 
have to have the same sign, that is, have to be in the same 

direction. 


273. Figures directly similar. 

If now two figures F and F’ be homothetic, centre 0, and 
the figure F' be turned in its plane round 0 through any angle, 
, we shall have a new figure F x which is similar to Pbut not now 
j similarly situated. 

Two such figures F and /’, are said to be directly similar 
and 0 is called their centre of similitude. 


* 

Two directly similar figures possess the property that the 
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Z POP, between the lines joining O to two corresponding 
points Pand P, is constant. Also OP : OP, is constant and 


Q' 


P' 


PQ : P\Q\ — the same constant, and the triangles OPQ , OP l Q l 
are similar. 

274. Prop. If P, P, ■ Q, Q, b e two pairs of corresponding 
points oj two figures directly similar , and if PQ, P,Q X intersect 
in R, 0 is the other intersection of the circles PRP X , QRQ,. 



For since z OPQ = z OP,Q x 
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• Z OPR and z 0P x R are supplementary. 
P0P x R is cyclic. 

Similarly Q x 0QR is cyclic. 

Thus the proposition is proved. 


(_ oR. The centie of similitude of two directly similar figures 

% O 

is determined by two pairs of corresponding points. 

It has been assumed thus far that P does not coincide with 
P x nor with Q x . 



It P coincide with P x , then this point is itself the centre of 
similitude. 

If P coincide with Q x we can draw QT and Q x T x through Q 
and Q x such that 

Z P X Q X T x = z PQT and Q x T x : QT = P X Q X : PQ; 

t hen T and T x are corresponding points in the two figures. 

275. When two figures are directly similar, and the two 
members of each pair of corresponding points are on opposite 
sides of 0, and collinear with it, the figures may be called 
antihomothetic, and the centre of similitude is called the anti - 
homothetic centre. 

When two figures are antihomothetic the line joining any 
two points P and Q of the one is parallel to the line joining the 
corresponding points P' and Q' of the other; but PQ and P Q ' 
are in opposite directions. ^ 

6 ? ^ P 


\ 
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276. Case of two coplanar circles. 

If we divide the line joining the centres of two given circles 
ex-ternally at O, and internally at O' in the ratio of the radii, it 
is clear from § 25 that 0 is the homothetic centre and O' the 
antihomothetic centre for the two circles. 



We spoke of these points as ‘centres of similitude’ before, 

but we now see that they are only particular centres of similitude! 

and it is clear that there are other centres of similitude not 

lying in the line of these. For taking the centre A of one circle 

to correspond with the centre A x of the other, we may then take 

any point P of the one to correspond with any point 1 \ of the 
other. 



Let >S be the centre of similitude for this correspondence. 
Ihe triangles PSA, PxSAx are similar, and 

x = A P : A X P , = ratio of the radii. 



27 2 


SIMILARITV OF FIOl'RES 


I htis .S' lies on the circle on 00' as diameter (§ 27). 

Thus the locus of centres of similitude for two coplanar circles 

the circle on the line joining the homnthetic and antihomo- 
tnetic centres. 

This circle wc have already called the circle of similitude and 
the student- now understands the reason of the name 

277. Figures inversely similar. 

It 7* he a figure in a plane, 0 a fixed point in the plane, and 
it another figure F' be obtained by taking points P' in the plane 
to correspond with the points P of Fin such a way that OP: OP' 
is constant, and all the angles POP ' have the same bisecting 
line 'M, the two figures F and F are said to be inversely 
similar: (J is then called the centre and OX the axis of inverse 

si m/I it mle. 



Draw P L perpendicular to the axis OX 
in P } . 

Then plainly, since OX bisects z POP ' 

AOLP' = AOLP lt 

ami Op , = (jP\ 

. 0P t : OP is constant. 


and let it. meet OP 
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Thus the figure formed by the points 1\ will be homothetic 
with F. 

Indeed the figure F' may be regarded as formed from a 
figure F 1 homothetic with F by turning F x round the axis OX 
through two right angles. 

The student will have no difficulty in proving for himself 
that if any line OF be taken through 0 in the plane of F and 
F', and if P'K be drawn perpendicular to OY and produced t<> 
F 2 so that 1 J, K = KP. 2 then the figure formed with the points 
typified by P 2 will be similar to F; but the two will not be 
similarly situated except in the case where OY coincides with 

OX. 

278. If P and Q be two points in the figure F, and P\ Q 
the corresponding points in the figure F\ inversely similar to it 
we easily obtain that P'Q : PQ = the constant ratio of OP : 0P\ 
and we see that the angle POQ = angle Q'OP ' (not P'OQ'). In 
regard to this last point we see the distinction between figures 
directly similar and figures inversely similar. 

279. G iven two pairs of corresponding points in two inversely 
similar figures, to find the centre and axis of similitude. 



To solve this problem we observe that 


if PP' cut the axis 

18 


A. G. 
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Ztc'/op™ PF Fe ~° P 0P ' *" ,he ““ H— *he 

••• 1*F: FP’ = PQ : P’Q', 

Hence if PP- Q, Q' be given, join PP' and QQ' and divide 
these lines at F and G in the ratio PQ :P'Q\ then the line FG 

is the axis. 

lake the point P, symmetrical with P on the other side of 

he avis, then 0 is determined by the intersection of P'l\ with 
the axis. 

Note. The student who wishes for a fuller discussion on the 
subject of similar figures than seems necessary or desirable here 
should consult Lachlan's Modern Pure Geometry, Chapter IX 


EX ERCISE.S 

I. Prove that homothetic figures will, if orthogonal!,, projected, 
1)0 projected into homothetic figures. 

-• If / ". V. It, If be three corresponding pairs of points 

m two figures rather directly or inversely ... the triangles PQR, 

/ Q It are similar in the Euclidean sense. 

If S and s- be two curves directly similar, prove that if .S' 
l*e turned ... the plane about any point, the locus of the centre of 
similitude of .S and .V the different positions of .$ will be a circle. 

4. If two triangles, directly similar, he inscribed in the same 
circle, shew that the centre of the circle is their centre of similitude. 

Shew also that the pairs of corresponding sides of the triamdes 
intersect ,n points forming a triangle directly similar to them. 

o. If two triangles be inscribed in the same circle so as to be 
inversely similar, shew that they are in perspective, and that the 
axis of perspective passes through the centre of the circle. 

6. If on the sides PC, C.i, A II of a triangle ABC points .V Y 
be taken such that the triangle XYX is of constant slmpe construct 
the cen re of similitude of the system of triangles so L’med • and 

sTaight fin, ,OCUS ° f 11,6 ° ,thOCent ' e «« XYZ is a 
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7. If three points X, } , Z be taken on the sides of a triangle 
ABC opposite to .4, B, C respectively, and if three similar and 
similarly situated ellipses be described round A YZ, BZX and CX Y, 
they will have a common point. 

8. The circle of similitude of two given circles belongs to the 
coaxal system whose limiting points are the centres of the two given 
circles. 


9. If two coplanar circles be regarded as inversely similar, the 
locus of the centre of similitude is still the ‘circle of similitude,’ 
and the axis of similitude passes through a fixed point. 


10. P and P' are corresponding points on two coplanar circles 
regarded as inversely similar and S is the centre of similitude in 
this case. Q is the other extremity of the diameter through P , and 
when Q and P' are corresponding points in the two circles for inverse 
similarity, S' is the centre of similitude. Prove that SS' is a diameter 
of the circle of similitude. 


11. ABCD is a cyclic quadrilateral; AC and BD intersect in 
E , AD and BC in ; prove that EF is a diameter of the circle of’ 
similitude for the circles on AB, CD as diameters. 

12. Generalise by projection the theorem that the circle of 
similitude of two circles is coaxal with them. 


< , 
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1. Prove that when four points A, B, C, D lie on a circle, the 
orthocentres of the triangles BCD, CD A, DAB, ABC lie on an equal 
circle, and that the line which joins the centres of these circles is 

divided in the ratio of three to one by the centre of mean position 
of the points A , />, C, !). 

“• ABC is a triangle, O the centre of its inscribed circle, and 
A lt (\ the centres of the circles escribed to the sides BC, CA, AB 
lespectively ; J/, A the points where these sides are cut by the 

bisectors of the angles A, B, (\ Shew that the orthocentres of the 
thiee triangles L //,( ,, .1/6, A Xi A A X B X form a triangle similar and 
similarly situated to A X B X C\ , and having its orthocentre at 0 . 

d. ABC is a triangle, /.,, J/,, A r , are the points of contact of 
the incircle with the sides opposite to . 1 , B , C respectively ; is 
taken as the harmonic conjugate of L x with respect to B and C ■ 
J/, and X, are similarly taken : 1\ V, R arc the middle points of 
A,/-..., M x M. i , N X N... Again .1.1, is the bisector of the angle A cutting 
BC in A x , and A., is the harmonic conjugate of A x with respect to 
/>and 6'; B., and C. 2 are similarly taken. Prove that the line A.B.C., 
is parallel to the line B(JB. * 

-1. Ah 6 is a triangle the centres of whose inscribed and circum¬ 
scribed circles are 0, O '; O x , 0.,, 0 a are the centres of its escribed 

circles, and O x O., t 0.0 3 meet A B, BC respectively in h and .)/; shew 
that 00' is perpendicular to /,.!/. 

5. If circles be described on the sides of a given triangle as 
diameters, and quadrilaterals lie inscribed in them having the inter¬ 
sections of their diagonals at the orthocentre, and one side of each 
passing through the middle point of the upper segment of the 
corresponding perpendicular, prove that the sides of the quadri¬ 
laterals opposite to these form a triangle equiangular with the given 
one. 
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6. Two circles are such that a quadrilateral can he inscribed in 
one so that its sides touch the other. Shew that if the points of 
contact of the sides be P, Q, P, S, then the diagonals of PQRS are 
at right angles; and prove that PQ, PS and QP, SP have their 
points of intersection on the same fixed line. 


7. A straight line drawn through the vertex -1 of the triangle 
ABC meets the lines DE , DF which join the middle point of the 
base to the middle points E and F of the sides CA, AB in X, Y ; 
shew that BY is parallel to CX. 


8. Four intersecting straight lines are drawn in a plane, 
ciproeate with regard to any point in this plane tlie theorem 
the circumcircles of the triangle formed by the four lines are 
current at a point which is concyclic with their four centres. 


Pe- 
that 
con - 


9. h and /' are two fixed points, P a moving point, on a hyper¬ 
bola, and PE meets an asymptote in Q. Prove that the line through 
E parallel to the other asymptote meets in a fixed point the line 
through Q parallel to PF. • 


10. Any parabola is described to touch two fixed straight lines 
and with its directrix passing through a fixed point P. Prove that 
the envelope of the polar of P with respect to the parabola is a 
conic. 


11. Shew how to construct a triangle of given shape whose 
sides shall pass through three given points. 

12. Construct a hyperbola having two sides of a given triangle 
as asymptotes and having the base of the triangle as a normal. 

13. A tangent is drawn to an ellipse so that the portion inter¬ 
cepted by the equiconjugate diameters is a minimum ; shew that it 
is bisected at the point of contact. 

14. A parallelogram, a point and a straight line in the same 
plane being given, obtain a construction depending on the ruler only 
for a straight line through the point parallel to the given line. 

15. Prove that the problem of constructing a triangle whose 
sides each pass through one of three fixed points and whose vertices 
lie one on each of three fixed straight lines is poristic, when the 
three given points are collinear and the three given lines are con¬ 
current. 

16. A, B, C, D are four points in a plane no three of which are 
collinear and a projective transformation interchanges A and B , and 
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also r and D. Give a pencil and ruler construction for the point 
into which any arbitrary point P is changed; and shew that any 
conic through A, B, (', D is transformed into itself. 

17. Three hyperbolas are described with B, C ; C, A ; and A, B 

for foci passing respectively through A, B, C. Shew that they have 

two common points P and Q : and that there is a conic circumscribing 
ABC with P and Q for foci. ° 


IS. Three triangles have their bases on one given line and their 
vertices on another given line. Six lines are formed by joining the 
point of intersection of two sides, one from each of a pair of the 
triangles, with a point of intersection of the other two sides of those 
triangles, choosing the pairs of triangles and the pairs of sides in 

every possible way. Prove that the six lines form a complete 
quadrangle. 


19. Shew that in general there are four distinct solutions of the 
problem : lo draw two conics which have a given point as focus and 
intersect at right angles at two other given points. Determine in 
each case the tangents at the two given points. 

20. An equilateral triangle ABC is inscribed in a circle of which 
O is the centre : two hyperbolas are drawn, the first has C as a focus, 
( >A as directrix and passes through B ; the second has C as a focus, 
OB as directrix and passes through A. Shew that these hyperbolas 
meet the circle in eight points, which with C form the angular points 
of a regular polygon of nine sides. 


21. An ellipse, centre O, touches the sides of a triangle ABC, 
and the diameters conjugate to OA, OB, OC meet any tangent in 
I), E , F respectively ; prove that AD, BE, CF meet in a point. 

22. A parabola touches a fixed straight line at a given point, 
and its axis passes through a second given point. Shew that the 

envelope of the tangent at the vertex is a parabola and determine 
its focus and directrix. 


23. Three parabolas have a given common tangont and touch 
one another at P, Q , P. Shew that the points P, Q, R are collinear. 
Prove also that the parabola which touches the given line and the 
tangents at P, Q, R has its axis parallel to PQR. 

24. Prove that the locus of the middle point of the common 
chord of a parabola and its circle of curvature is another parabola 
whose latus rectum is one-fifth that of the given parabola. 
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25. Three circles pass through a given point 0 and their other 
intersections are A, B, C. A point D is taken on the circle OBC, 
E on the circle OCA, F on the circle OAB. Prove that 0, 1), E, F 
are concyclic if AF. BD. OF = - FB . DC . EA, where A F stands 
for the chord AF, and so on. Also explain the convention of signs 
which must be taken. 


2G. Shew that a common tangent to two confocal parabolas 
subtends an angle at the focus equal to the angle between the axes 
of the parabolas. 

27. The vertices A, B of a triangle ABC are fixed, and the foot 
of the bisector of the angle A lies on a fixed straight line; determine 
the locus of C. 


28. A straight line A BCD cuts two fixed circles X and Y, so 
that the chord AB of X is equal to the chord CD of Y. The tangents 
to X at A and B meet the tangents to Y at C and D in four points 
1\ Q, li, B. Shew that F, Q, R, B lie on a fixed circle. 

29. On a fixed straight lino AB, two points P and Q are taken 
such that PQ is of constant length. X and Y are two fixed points 
and XP, 1 (J meet in a point R. Shew that as P moves along the 
line AB, the locus of R is a hyperbola of which AB is an asymptote. 

30. A parabola touches the sides BC, CA, AB of a triangle 
ABC in D, E, F respectively. Prove that the straight lines AD, 
BE, CF meet in a point which lies on the polar of the centre of 
gravity of the triangle ABC. 

31. If two conics be inscribed in the same quadrilateral, the 
two tangents at any of their points of intersection cut any diagonal 
of the quadrilateral harmonically. 

32. A circle, centre O, is inscribed in a triangle ABC. The 
tangent at any point P on the circle meets BC in D. The line 
through O perpendicular to OD meets PD in D'. The corresponding 
points E', F' are constructed. Shew that AD', BE', CF' are parallel. 

33. Two points are taken on a circle in such a manner that the 
sum of the squares of their distances from a fixed point is constant. 
Shew that the envelope of the chord joining them is a parabola. 

34. A variable line PQ intersects two fixed lines in points P 
and Q such that the orthogonal projection of PQ on a third fixed 
line is of constant length. Shew that the envelope of PQ is a para¬ 
bola, and find the direction of its axis. 
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3j. \\ ith a focus of a given ellipse (A) as focus, and the tangent 

at any point P as directrix, a second ellipse (B) is described similar 

to (A). Shew that ( B) touches the minor axis of (A) at the point 
where the normal at P meets it. 

3G. A parabola touches two fixed lines which intersect in T 

and its axis passes through a fixed point D. Prove that, if S be the 

focus, the bisector of the angle TSD is fixed in direction. Shew 

tor her that the locus of 5 is a rectangular hyperbola of which D 

and / are ends of a diameter. What are the directions of its 
asymptotes ? 

3/. If an ellipse lias a given focus and touches two fixed straight 
lines, then the director circle passes through two fixed points. 

3N. 0 is any point in the plane of a triangle ABC and V }' / 

tl,e si,lps UC ' CA ’ A,i rc»pectively. such that 'AO X, 

’ ” - ,0 ll " ,lt a,l g ,es - tbe points of intersection of CX 

and AX, A A and BY be respectively Q and It, shew that OQ and 
Oh arc equally inclined to OA. 

39. The line of collinearity of the middle points of the diagonals 

of a quadrilateral is drawn, and the middle point of the intercept 

on it between any two sides is joined to the point in which they 

intersect. Shew that the six lines so constructed together with 

the line of collinearity and the three diagonals themselves touch a 
parabola. 

40. The triangles A l R l C l , A.Jifi., arc reciprocal with respect to 

a given circle; ll.fi.,, C l A l intersect in P x , and Bfi x , C..A., in 1\. 

Shew that the radical axis of the circles which circumscribe the 

triangles 1\AP. 2 A 2 R X passes through the centre of the given 
circle. 

41. A transversal cuts the three sides RC, CA, A 11 of a triangle 

m 1\ Q, R ; and also cuts three concurrent lines through A, //and 
r respectively in P\ Q\ R\ Prove that 

IV . QR . UP’ = - PQ . Q R . RR, 

42. Through any point 0 in the plane of a triangle ARC is 
drawn a transversal cutting the sides in P, Q, R. The lines OA, 

OR, OC are bisected in A', R\ C '; and the segments QR, RP PQ 
of the transversal are bisected in P\ Q\ R\ Shew that the three 
lines A P, R Q, C R are concurrent. 

43. From any point P on a given circle tangents PQ, PQ are 
drawn to a given circle whose centre is on the circumference of the 
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first: shew that the chord joining the points where these tangents 

eut the first circle is fixed in direction and intersects QQ' on the lint* 
of centres. 

44. If any parabola be described touching tlie sides of a fixed 
tiiangle, the chords of contact will pass each through a fixed point. 

45. A and B lie on opposite branches of a hyperbola ; from D. 
the middle point of AB , the tangent DP is drawn. Shew that if 
CQ, CP are the semi diameters parallel to AB and DP, 

A B : CQ = 2 DP : CP. 

46. The side BC of a triangle ABC is trisected at M. X. Circles 
are described within the triangle, one to touch BC at M and AB at 
//, the other to touch BC at X and AC at K. If the circles touch 
one another at L, prove that 6'//, BK pass through L. 

47. ABC is a triangle and the perpendiculars from A, B, C on 
the opposite sides meet them in L, J/, X respectively. Three conics 
are described; one touching BAf, CX at J/, .V and passing through 
A ; a second touching CX, AL at .V, L and passing through B ; a 
third touching AL, BAI at Z, M and passing through C. Prove that 
at A, B, C they all touch the same conic. 

48. A parabola touches two fixed lines meeting in T and tin* 
chord of contact passes through a fixed point A ; shew that the 
directrix passes through a fixed point 0, and that the ratio TO to 
OA is the same for all positions of A. Also that if A move on a 
circle whose centre is T, then AO is always normal to an ellipse the 
sum of whose semi-axes is the radius of this circle. 

49. Triangles which have a given centroid are inscribed in a 
given ciicle, and conics are inscribed in the triangles so as to have 

the common centroid for centre, prove that they all have the same 
fixed director circle. 

oO. A circle is inscribed in a right-angled triangle and another 
is escribed to one of the sides containing the right angle; prove 
that the lines joining the points of contact of each circle with the 
hypothenuse and that side intersect one another at right angles, and 
being produced pass each through the point of contact of the other 
circle with the remaining side. Also shew that the polars of any 
point on either of these lines with respect to the two circles meet on 
the other, and deduce that the four tangents drawn from any point 
on either of these lines to the circles form a harmonic pencil. 

51. If a triangle PQR circumscribe a conic, centre C, and 
ordinates be drawn from Q, R to the diameters CR, CQ respectively, 
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the ,ine J oinir, « the ^ the ordinates will pass through the points 
of contact of PQ y PR. 

Prove thafc t}l ** common chord of a conic and its circle of 
curvature at any point and their common tangent at this point 
divide their own common tangent harmonically. 

•A Shew that the point of intersection of the two common 
tangents of a conic and an osculating circle lies on the confocal conic 
which passes through the point of osculation. 

.) 1. In a triangle ARC, AL, P}f, CX are the perpendiculars on 
the sides and J/.V, XL, LM when produced meet PC, CA , AP in P y 
Q, R. Shew that P, Q, R lie on the radical axis of the nine-points 
circle and the circumcircle of A PC, and that the centres of the 
circumcircles of ALP , PMQ, CXR lie on one straight line. 

oo. A circle through the foci of a rectangular hyperbola is 

reciprocated with respect to the hyperbola; shew that the reciprocal 

is an ellipse with a focus at the centre of the hyperbola; and its 

minor axis is equal to the distance between the directrices of the 
hyperbola. 

oh. A circle can be drawn to cut three given circles orthogonally* 

If any point be taken on this circle its polars with regard to the 
three circles are concurrent. 

f>7. From any point 0 tangents OP, 0P\ 00, OQ' are drawn 

to two confocal conics ; OP, OP' touch one conic, OQ, OQ' the other. 

Prove that the four lines P(R P (/, PQ\ P'Q all touch a third con¬ 
focal. 


oS. I\ P and Q, (J are four colliuear points on two conics U 
and I respectively. Prove that the corners of the quadrangle whose 
pairs of opposite sides are the tangents at P, P' and 0> Q' lie on a 
conic which passes through the four points of intersection of Fund V. 

/>J). If two parabolas have a real common self-conjugate triangle 
they cannot have a common focus. 


GO. The tangents to a conic at two points A and P meet in 7\ 
those at A', P' in 7"; prove that 

T(A AP P)= T (A AP R). 

61. A circle moving in a plane always touches a fixed circle, 
and the tangent to the moving circle from a fixed point is always 
of constant length. Prove that the moving circle always touches 
another fixed circle. 



MISCELLANEOUS EXAMPLES 



62. A system of triangles is formed by the radical axis and 
each pair of tangents from a fixed point P to a coaxal system of 
circles. Shew that if P lies on the polar of a limiting point with 
1 espect to the coaxal system, then the circumcircles of the triangles 
form another coaxal system. 

63. Two given circles S', S' intersect in A, P; through A any 
straight line is drawn cutting the circles again in P, P' respectively. 
Shew that the locus of the other point of intersection of the circles, 
one of which passes through P, P and cuts S orthogonally, and the 
other of which passes through P, P' and cuts S' orthogonally, is the 
straight line through P perpendicular to AP. 


64. hour points lie on a circle: the pedal line of each of these 
with respect to the triangle formed by the other three is drawn ; 
shew that the four lines so drawn meet in a point. 

65. A, P, C, D are four points on a conic; EF cuts the lines 
PC y CA, AP in a, b, c respectively and the conic in E and F ; a, //, c 
are harmonically conjugate to a, b , c with respect to E, F. The 
lines Da, Db , Dc meet PC, CA, AP in a, f3 , y respectively. Shew 
that a, /3 , y are col linear. 


66. three circles intersect at 0 so that their respective diameters 

DO, EO , FO pass through their other points of intersection A, P, C \ 

and the circle passing through D, E, F intersects the circles again in 

G, II, I respectively. Prove that the circles A OG, POII, CO I are 
coaxal. 


67. A conic passes through four fixed points on a circle, prove 
that the polar of the centre of the circle with regard to the conic is 
parallel to a fixed straight line. 

68. The triangles PQR, P'Q'R' are such that PQ, PR, P'Q', P R' 
are tangents at Q, R, (/, R' respectively to a conic. Prove that 

P (QR'Q'R) = P' (QR'(fR) 

and P, (J, R, P' y Q’ } ]? lie on a conic. 

69. If A , P, C, D’ be the points conjugate to A, P, C, D in 
an involution, and P, Q, R, S he the middle points of A A', PP', 

CC\ DIP, 

( PQRS) = (A PCD ). (A P CD'). 

70. A PC is a triangle. If PDCX, CEAY, A FEZ be three 
ranges such that ( XPCD) . (A YCE) . (A PZF) = 1, and AD, PE, CF 
be concurrent, then X, Y, Z will be collinear. 

71. If ARC be a triangle and D any point on PC, then (i) the 
line joining the circumcentres of A PD, ACD touches a parabola: 
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(ii) the line joining the incentres touches a conic touching the 
bisectors of the angles ABC , ACB. 

Find the envelope of the line joining the centres of the circles 
escribed to the sides BD, CD respectively. 


72. Two variable circles .S' and S' touch 
the locus of the points which have the same 
.S' and S'. 


two fixed circles, find 
polars with regard to 


75. (jP, CP' are tangents to an ellipse, QM is the perpendicular 
on the chord of contact PP' and K is the pole of QM. If II is the 
orthocentre of the triangle PQP\ prove that UK is perpendicular 
to QC. 


74. Two circles touch one another at 0. Prove that the locus 
of the points inverse to 0 with respect to circles which touch the 
two given circles is another circle touching the given circles in 0, and 
find its radius in terms of the radii of the given circles. 

75. Prove that the tangents at A and C to a parabola and the 
chord AC meet the diameter through B, a third point on the para 
liola in <t, (\ A, such that all : lib = Ah : hC = Bb : cB. Hence draw 
through a given point a chord of a parabola that shall be divided in 
a given ratio at that point. How many different solutions are 
there of this problem ( 


70. If Ay /»', (' be three points on a hyperbola and the directions 
of both asymptotes be given, then the tangent at B may be constructed 
by drawing through B a parallel to the line joining the intersection 
of BC and the parallel through A to one asymptote with the inter¬ 
section of .1 B and the parallel through C to the other. 

77. A circle cuts three given circles at right angles; calling 
these circles 12, A, By C , shew that the points where C cuts O are 
the points where circles coaxal with A and B touch C. 

78. If A BCy DBF be two coplanar triangles, and S be a point 
such that SB, BE, SF cuts the sides BC, CA, AB respectively in 
three collinear points, then SA, SB, SC cut the sides Ei\ FI), I)E 
in three collinear points. 


71). ABC is a triangle, D is a point of contact with BC of the 
circle escribed to BC ; E and F are found on CAy AB in the same 
way. Lines are drawn through the middle points of BC, CA , AB 
parallel to AD, BE, CF respectively ; shew that these lines meet at 
the incentre. 
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